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ABSTRACT

We study two polynomials associated to a graph G that are of interest in the recent
literature. The first one is the h-polynomial of the graph-associahedron of G defined by
Carr and Devadoss. The second one is the p-polynomial recently defined by Gonzélez
D’Leén and Wachs, which in the case of trees the authors conjecture that is up to sign
equal to its h-polynomial. We prove a more general relation between the h- and the
p~polynomial of G which in the special case of trees proves Gonzalez D’Leén - Wachs’
conjecture. We give a new description of the p-polynomials in terms of a family of
forests that we call u-forests. As applications of the tools developed, we compute the u-
polynomials of the families of cycle and kite-like graphs. These are related to the Narayana
polynomials of type A and B. We also show that these families of polynomials are real-
rooted and form interlacing sequences giving support and extending previous conjectures
to a general conjecture on real-rootedness and the interlacing property of the hA- and the
p-polynomials of an arbitrary graph G.
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INTRODUCTION

Polynomial invariants are popular devices to study properties of graphs. Some of the
most present in the literature are the characteristic polynomial (which is the characteristic
polynomial of the adjacency matrix of the graph), the chromatic polynomial ([3]), and the
Tutte polynomial ([24]). However, there are other well-studied polynomial invariants in
graph theory (see [18]). These polynomials can encode information about vertex degrees,
proper colorings, flows, number of cycles, matchings and connectedness among others.
Hence they become useful tools to distinguish graphs and to tackle relevant problems in
graph theory. Some of these (as it is the case of the chromatic polynomial) have not even
been found to be directly connected to a solution of the problem that where originally
intended to treat. However, they have become interesting algebraic subjects of study for
their own sake.

THE TWO GRAPH POLYNOMIALS WE STUDY

In this work we study two graph polynomial invariants that have appeared in the recent
literature. The first of these is the h-polynomial hg(t) of a simple polytope known as
the graph-associahedron Pg, defined by Carr and Devadoss in [6], constructed out of the
connected subsets of a finite graph G.

Recall that to any polytope P, its f-polynomial is defined by
fe(t) =" fit",

k>0
where f; = f;(P) is the number of i-dimensional faces of P. Its h-polynomial, is a closely
related polynomial, defined using the transformation

For a graph G on [n] we can consider the collection B(G) of subsets I C [n] such that
the induced subgraph of G on the vertex set I is connected. The collection B(G) has a
special kind of combinatorial structure known as a building set (see Section 1.2 for the
exact definition). Given any building set B on [n] we can then build a polytope Pg, also
known as its nestohedron [16, Definition 6.3]. This is the polytope in R™ given by the
Minkowsky sum

PB = Z A],

IeB
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where A; is the convex hull of the standard basis vectors {e; | i € I}, also known as a
standard simplex. Graph-associahedra Pg := Pp(g) are precisely nestrohedra defined on
graphical building sets B(G). The h-polynomials of nestohedra where extensively studied
by Postnikov, Reiner and Williams in [16].

The second graph polynomial that we will be considering is the p-polynomial p(t) defined
and studied by Gonzalez D’Leén and Wachs in [11]. These polynomials are defined as
the Mobius generating polynomials of the maximal intervals of a family of posets Wllg
that are weighted versions of the classical bond lattice Ilg of a graph G, a lattice that
captures the independence (or matroidal) information of G. Even though classical bond
lattices are isomorphic for all trees on the same number of vertices (so they are unable
to distinguish between them), the polynomials ug(t) appear surprisingly to be able to
distinguish between them. This is conjecturally true for all trees as stated in [11].

The following connection between hg(t) and pe(t) when G is a tree was conjectured in
[11].

CONJECTURE 1 (GONZALEZ D’LEON - WACHS [11]). Let T be a tree on vertex set [n]
then

pr(t) = (=1)""he(t).

EXAMPLES OF h AND pt POLYNOMIALS

We review several infinite families of examples of h and p polynomials. These families
include the polynomials of the family of complete graphs K,,, the path graphs P, and the
star graphs St,, whose h-polynomials have been studied in [16] and whose p-polynomials
have been studied in [11].

In the case of the family K, the polytope Pgk,) is known as the permutahedron. Let &,
be the set of permutations on [n]. It is a well-known formula (see [16]) that

hie, (1) = > 140 = 4,(p),

O'Een

known as the Eulerian polynomials. Let T, be the set of rooted trees on [n]. In [10] it
was shown that

pi, (1) = (1) Y 4= = (—1)”_1ﬁ((n—i) +at) = Tu(1),

TeTn =1

the tree Fulerian polynomials.

For the family P,, the polytope Pgp,) is a realization of the associahedron. Let P,
be the set of planar complete binary trees on n internal nodes, i.e., rooted trees where
each internal node has a left and a right child. For a tree T" € P, we say that an
internal node is a left child if it is the left child of its parent. It is well-known that the



—

1
numbers N, i, = %(Z) (kfl) gives the number of trees in 7, with k + 1 left children. The

h-polynomial of the associahedron has the well-known formula (see [16])

Catalan numbers Cat(n) = ) gives the cardinality of 7, and that the Narayana

th (t) _ Z tlchild(T) _ Z Nn,ktk_l = Nn(t),
TEPn k=1

the Naryana polynomials. It was proved in [11] that

pp, (t) = (=1)" " Na(t),

confirming Conjecture 1.

The polytope Pg(st,) associated to the family St, is known as the stellohedron (see [16]).
A closely related family of polynomials, obtained by a simple transformation from the
Eulerian polynomials, are the binomial-Eulerian polynomials, studied by Shareshian and
Wachs in [17], and defined by

In [16] is shown that

and in [11] is shown that

pse, (t) = (=1)"" Apa (1),

giving another example of Conjecture 1.

We extend this list by computing the p-polynomials of the family C,, of cycle graphs
(see Section 1.1), whose h polynomials where studied also in [15]. The polytope Pgc,)
is known as the cyclohedron (see [16]). The h-polynomials h¢, (t) of cycle graphs where
computed by Simion in [19], and are given by the type-B Narayana polynomials

n—1 n — 1 2

he, () = ( . ) R =W, 1(t).
k=0

We prove the following theorem.

THEOREM 2.9. The p-polynomial e, (t) associated to the cyclic graph C,, on [n] is
given by the formula

() = Wi (t)] (2.14)

e ) - ()]

pe, (t) = (1" [N

=y

w



RELATIONS BETWEEN THE h AND 1 POLYNOMIALS

Theorem 2.9 sheds a light on a more general relation that could exists between the h and
w polynomials. Recall that he, (t) = W,,_1(t), hp,(t) = N, (t), and there are precisely n
spanning trees of C,, which are isomorphic to P,. The only other full spanning subgraph
of C, is itself. This information is present in the formula for ue, (¢) above.

In this work we prove then a more general result that in turns implies Conjecture 1.

THEOREM 3.3.

na(t) = 3 (=) (1), (3.3)

H<G

where the sum is taken over all full spanning subgraphs H of G.

When G = T is a tree on [n], it has |E(T)| = n — 1 edges and is in itself its only full
spanning subgraph. Therefore, Theorem 3.3 implies then Conjecture 1.

We use Mé6bius inversion, on the poset G whose elements are finite graphs and whose order
relation is given by the full spanning relation (see Section 3.3), to prove the following
formula translating back from p-polynomials to h-polynomials.

THEOREM 3.8.

hie () = > (=1)PH g (1),

where the sum is taken over all full spanning subgraphs H of G.

Note that formulas (3.3) and (3.8) imply that the transformation that maps h-polynomials
to p-polynomials is an involution.

(& FORESTS

In [16] the authors gave an expression for the h polynomial of any building set B in
terms of an associated combinatorial family of trees, known as the family of B-forests (see
Section 3.1).

We introduce a related family of objects which we call u-forests (See Chapter 4 for the
definition) and prove the following theorem. Let k(G) be the number of connected com-
ponents of a graph G, and des(F') the number of children in a forest F' with smaller labels
than their parents.

THEOREM 4.9. If G is a finite graph on [n], the u(G)-polynomial is given by the formula

palt) = (~1)VOHEO . § s, (4.1)
T p(G)-forest

where the sum is taken over all u-forests of G.



As an application of Theorem 4.9 we compute the u-polynomials of a family that we call
the kite-like graphs, denoted as U, (see Figure 4.9).

THEOREM 4.11. We have that
(=1)" o, (1) = 2N, (1) — tNLo(t),  n >3, (4.4)

where N, (t) are the Narayana polynomials.

REAL-ROOTEDNESS AND THE INTERLACING PROPERTY

Numerical exploration in [11] has suggested that the p-polynomials appear to be real-
rooted. In fact the authors propose the following conjecture.

CONJECTURE 2 (GONZALEZ D’LEON - WACHS [11]). For every graph G on [n], the
associated polynomial pg(t) is real-rooted. Moreover, if G is connected, then pq(t) has
n — 1 simple roots.

The conjecture is known to be true for the families K,,, P, and St,,. A new result in this
direction is given for the family C),. In fact, we prove a stronger result that involves the
concept of interlacing polynomials.

Given two polynomials P, () € R[t] that are real-rooted, with roots 4 > r, > ... and
$1 > s > ... respectively, we say that @) interlaces P if the roots satisfy

T =8 =Ty >

If all the inequalities are strict we say that ) strictly interlaces P. Note that a pair of
polynomials that are strictly interlacing have also simple roots.

We prove the following theorem.

THEOREM 5.8. The family of polynomials pc, (t) are real-rooted and forms an strictly
interlacing sequence, that is e, (t) strictly interlaces pc,,,(t) all n > 1, and hence the
roots are also simple.

We prove an analogous result for the family U,. Computational evidence suggest that
pu, (t) strictly interlaces ., (t). We can prove however a slightly related result.

THEOREM 5.9. The family of polynomials yy, (t) are real-rooted for n > 1. Moreover,
p, (t) strictly interlaces pg, ., (t) for all n > 1.

Note that the graph P, can be obtained from U, by the operation of contraction of one
edge. Particular examples (see Section 5.3) show that not any contraction provides the
strictly interlacing property. We offer the following conjecture.



CONJECTURE 3. For any connected graph G there exist a one-edge contraction G’ of
G such that pe(t) strictly interlaces pg(t). As a consequence p(t) has only simple real
roots for any finite connected graph G.

Theorems 5.8 and 5.9 give evidence to Conjecture 3. Moreover, the families ug, (t) (see
Example 5.1.2), pp, (t) [5] and psy, () [12] have been shown to be strictly interlacing,
providing more evidence for the conjecture. Computational evidence for edge contractions
for all graphs up to n = 6 vertices also supports the interlacing part of the conjecture.
The real-rootedness has been checked, however, for graphs up to n = 7 vertices.

A similar conjecture can be made for the h polynomials. In this case however, we have
not found a particular graph G and one-edge contraction G’ where the strictly interlacing
property does not occur, which suggest that for h-polynomials the property could be even
stronger.

CONJECTURE 4. For any connected graph GG, any one-edge contraction G’ of GG satisfies
that heg(t) strictly interlaces hg(t). As a consequence hg(t) has only simple real roots for
any finite connected graph G.

Finally, apart from these conjectures, some conclusions and questions are left open for
the interested reader in Chapter 6.



PRELIMINARIES

The goal of this chapter is to introduce the basic objects and tools that will be used along
the text. These include graphs, rooted forests, building sets and the Mobius inversion
formula for finite posets.

1.1 GRAPHS AND TREES

Let NT be the set of positive integers. Fixing n € N, we will write [n] := {1,...,n}. If
A is a set, |A| will denote its cardinal.

Recall that a (simple) graph is a pair G = (V, E) where V is a set (the vertices of G)
and F C {e CV | |e|] = 2} (the edges of G). Two vertices i,j € V are called incident if
{i,j} € E. We say that H = (V', E’) is a subgraph of G if V' C V and E' C E.

Along the text we will only work with simple graphs on V' = [n] := {1,...,n}, for some
n € NT. In Figure 1.1 there are graphs on vertex set V = [4]. These are part of larger
families of graphs on [n] described below.

ExampLE 1.1.1 (COMPLETE GRAPH). The complete graph K, is defined by the set of
edges
E(K,) ={{ij}1<i<j<n}

Thus, this is a simple graph having all possible edges.

ExAaMPLE 1.1.2 (PATH GRAPHS). This graph, denoted by P, and also called the linear
graph, has as edges the set

B(P) ={{i,i+1}]i=1,...,n—1}.

7



Cy

Figure 1.1: Complete Ky, path Py, star Sty, and cycle Cy graphs on [4].

It can be seen as a line passing through all vertices.

EXAMPLE 1.1.3 (STAR GRAPHS). This graph St, is defined by
E(St,) ={{1,i} |i=2,...,n}

and can be pictured as a star centered at 1 with rays emanating towards the remaining
nodes.

ExampPLE 1.1.4 (CYCLE GRAPHS). The graph C,, represents a cycle joining all vertices,
in such a way that

EC) ={{i,i+1}|i=1,...,n—1}U{{1,n}}.
It differs from P, only in the edge {1,n}.

A path L in a graph G is a collection of edges {i1,i2}, {i2, i3}, ..., {im—1,im} € E(G). In
this case we say that L connects i; with i,, in G. Moreover, if m > 3 and i,, = iy, L is
called a cycle of G. It is clear that the relation i ~¢ j on [n]| holding when i and j are
connected by a path in G is an equivalence relation. A graph G is connected if there is
only one such equivalence class, i.e., any pair of vertices can be connected by a path in G.
In the previous examples all graphs K,,, P,, St, and C,, are connected, for all n > 1. In
general, the equivalent classes [; U- - -UI,, = [n] decompose G into connected components
Gln,- .., Glr,. The number

m = k(Q)
is the number of connected components of G.
A subgraph H of a graph G is said to be spanning in G if V(H) = V(G). A spanning
subgraph H of G is said to be full spanning if in addition we have k(H) = k(G). In Figure
1.2 we see an example of a full spanning graph H of a graph G on [8§].

ExamMpPLE 1.1.5. For the path graph P,, the only full spanning subgraph is itself. For the
cyclic graph C,,, there are n + 1 full spanning subgraphs. One is C,,, while the remaining
n are isomorphic to P, and are obtained by removing a single edge from C,,.

8



Figure 1.2: An example of a graph and a full spanning subgraph.

Other usual constructions with graphs are as follows.

ExAMPLE 1.1.6 (RESTRICTIONS). If G is a graph on [n] and @ # I C [n], we can
consider a new graph by restricting the vertices to I: the restriction G|; of G to [ is the
graph with V(G|;) = I and

E(Glr) = {{i,j} € B(G) | 4,5 € I}.

For instance, K,|pn-1) = K,—1 and P, |j,—1) = P.—1. However, for the cyclic graph C,,, we
obtain Cy,|p—1) = Pa-1.

ExamMpLE 1.1.7 (D1sJOINT UNION). If G = (V,E) and G’ = (V', E’) are graphs, where
VNV =0, then their disjoint union is defined by

GUG = VUV ,EUE).

Note that in this situation k(G U G') = k(G) + k(G’). Moreover, the spanning (full
spanning) subgraphs of G UG’ have the form H U H', where H and H' are spanning (full
spanning) subgraphd of G and G’, respectively.

There is another fundamental operation that we will require later obtained by contracting
an edge of a graph. Intuitively, this procedure removes an edge from a graph while
simultaneously merging the two vertices that it previously joined. Formally, we have the
following construction.

EXAMPLE 1.1.8 (CONTRACTIONS). Let G = (V,E) be a graph and e = {i,j} € E.
Consider V' = (V '\ {4, j}) U {¢'}, where ¢’ is a new vertex. The contraction of G by e is
the graph

Gle:=(V',E), E={kDecE|ki+i}0{{i k}:{i,k}eEor{jk}ecE}.

Note that |V (G/e)| = |[V(G)| — 1, and if G is connected, the same is true for G/e. More
generally, k(G/e) = k(G), for any e € E(G).

9



In Figure 1.3 we see an example of a graph G on [6] contracted by the edge {1, 3}.

Figure 1.3: An example of a contraction.

ExamMpLE 1.1.9. When we contract K, by any edge we obtain a graph isomorphic to
K,,_1. The same is true for P,, C,, and St,, obtaining graphs isomorphic to P, 1, C,_1,
and St,_1, respectively.

To conclude this section we recall a special type of graphs F' having no cycles. These are
known as forests. If F'is connected and has no cycles, then F is called a tree. Therefore,
a forest consists of a finite number of trees.

There are several characterizations of forests. For instance, F' is a forest if and only if for
different i, j € V(F'), there is at most one path in F' from i to j.

A rooted forest is a forest where in each connected component (tree) a distinguished node
(a root) has been selected. In particular, for a rooted tree T, its edges can be assigned a
natural orientation, either away from or towards the root. Intuitively, by choosing a root
7 of a tree we lift the graph from 7 in such a way that their children are placed below it,
and the same holds recursively for the remaining vertices.

For a rooted forest F', given two nodes ¢ and j of F', we say that i is a descendant of j if j
belongs to the shortest path connecting ¢ with the root of its connected component. We
denote by F<; the set of descendants of j. Note that in particular, j € F<;. A descendant
i of j is called a child of j (denoted by ¢ < j) if 7 is a descendant of j and {4, j} is an edge
of F'. Finally, we say that ¢ and j are incomparable if neither i is a descendant of j, nor
7 is a descendant of 7.

ExampLE 1.1.10. The following is an example of a tree T" on [10] and a rooted tree
obtained from T with root at 2. The children of 2 are 1 and 5 which are placed in
the second level of the tree. Also 3 <1, 4<1, 6 <5, 8 <5, and so on. For instance,
T<s ={5,6,7,8,9,10}.

10



Figure 1.4: An example of a tree and a rooted tree.

Finally, we will say that a (full) spanning subgraph of G without cycles is a (full) spanning
forest of G. A spanning tree is a full spanning forest of a connected G.

1.2 BUILDING SETS

In this section we recall the definition of a building set and introduce the notion of edge
for these objects.

DEFINITION 1. A building set B on [n] is a collection of nonempty subsets of [n] such
that

(B1) If I,J € Band INJ #0, then I U J € B.

(B2) B contains the singletons {i}, for all i € [n].

For a building set B on [n] and I C [n], the restriction of B to I is the building set
Bl ={J € B:JCI}. Theset Byax C B consists of the inclusion-maximal subsets of B.
Their elements are pairwise disjoint subsets that partition [n]. The connected components
of B are the restrictions B|;, for each I € Byay. B is connected if By = [n].

We note that this notion encloses the idea of connected sets, where each element of B
represents precisely a connected subset of [n].

ExampLE 1.2.1. Consider the simple building set given by

B, = {{1}’ ) {n}7 [n]}a

consisting only of the singletons and the whole [n]. In this case, (B,)max = {[n]|}, thus
B, is connected. Also, if I = {iy,...,in} C [n], then (B,)|; = {{i1},...,{im}} is
not connected. Note that we can interpret n as a connected set connecting the points
1,2,...,n. We can visualize B,, in Figure 1.5.

11



(4) (1)

O 0

Figure 1.5: A visualization of B,,.

EXAMPLE 1.2.2 (GRAPHICAL BUILDING SETS). Fora graph G on V' = [n], the collection
B(G) :={0 #1 C [n] | G|; is connected}

is a building set. We say that the building sets of the form B(G) are graphical. For
instance, B,, in Example 1.2.1 is not a graphical building set.

Note that the connected components of B(G) correspond to the vertex sets of the con-
nected components of G. Moreover, B(G)|; = B(G|;), for any J C [n].

In analogy with graphical building sets, we can introduce the notion of an edge for an
arbitrary building set B.

DEFINITION 2. Let B a building set on [n]. An element e € B is called an edge of B if

le] > 2 and e cannot be decomposed in smaller subsets I, J € B such that e = I U J and
I'NJ# 0. The set of edges of B will be denoted by E(B).

Note that by definition the singletons are not considered as edges.

EXAMPLE 1.2.3. The only edge of B,, is [n]. For the case of graphical building sets B(G)
the edges correspond precisely to the edges of G as a graph.

Consider now the building set on [4] given by

B = {{1},{2}, {3}, {4}, {1,2},{2,4},{1,2,3}, {1,2,4}, [4]}.

In this case E(B) = {{1,2},{2,4},{1,2,3}}. In particular, {1, 2,4} is not an edge because
it can be written as {1,2}U{2,4}. We can give a graphical representation of B by simply
drawing its edges, see Figure 1.6.
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Figure 1.6: The edges of B.

It is worth noticing that in general we may have edges e, ¢’ € E(B) such that e C ¢, as it
happens in the previous example. Note that this situation does not occur in the case of
graphs.

1.3 THE INVOLUTION PRINCIPLE

In this section we recall the following sieve method known as the involution principle. 1t
will turn out to be very useful to simplify finite sums by pairing terms in an adequate
way. For several applications of this principle the reader may consult [1].

In general, a way of pairing the elements of a finite set € consists of choosing a bijective
map ¢ : Q — Q such that p(¢(x)) = z, for all x € Q and such that Fix(p) = 0, where
Fix(p) = {y € Q| ¢(y) = y} is the set of fixed points of . In fact, a pairing is a way to
write

Q= Ufor ol0)}

where these subsets are pairwise disjoint and are formed by exactly two elements. Note
that the existence of a pairing impose that |Q2] is even. The map ¢ is usually called an
involution.

PropPoOsITION 1.1. Let R be a commutative ring and let €2 be a finite set. Consider a
map w : {2 — R and the finite sum

S=> w(x).

€N

Assume there is an involution ¢ :  — Q such that
w(p(x)) = —w(x), forall x € Q.
Then, the following assertions hold:

1. If ¢ has no fixed points, then S = 0.
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2. If ¢ has fixed points, then

S= > w).

z€Fix(p)

Proof. 1. If ¢ has no fixed points, then ¢ is pairing the elements of Q. Thus, || = 2m,

where m is the number of different pairs {z1, p(z1)}, ..., {Zm, @(xm)}. Therefore, we can
write .
S =2 wlx)) +wle(z;) =0,
j=1

since each sum is zero by hypothesis.

2. The map ¢ induces an involution ¢ : Q \ Fix(¢) — Q \ Fix(¢) without fixed points.
Thus, the result follows from (1). O

In the situation of the previous proposition ¢ is usually called a sign-reversing involution.

1.4 THE MOBIUS INVERSION FORMULA

The goal of this section is to recall Mébius inversion formula for finite posets. Our
exposition is based on [20] where the classical proofs can be consulted.

Consider a partially ordered set (poset) P, where the order is given by the binary relation
<. Recall that x,y € P are compatible if x < y or y < x. Otherwise, they are called
incompatible. If z < y, we denote by

[z, ylp =[z,yl ={z€Plz<z<y}

the closed interval determined by x and y. In particular, [z, z] = {z}. We will denote by
Int(P) the collection of all intervals in P. We also recall that a poset is locally finite if
every interval [z,y] € Int(P) is finite. Note also that each interval [x,y] defines a poset
by simply restricting the relation < to its elements.

Two posets P and () are isomorphic if there is a strictly increasing bijective map ¢ : P —
Q, i.e., x <y if and only if ¢(p) < ¢(y), for all x,y € P. If this is the case, each interval

[z, y]p is isomorphic to [¢(z), ¥ (y)]g-

ExAMPLE 1.4.1. Particular examples include N and Z with the usual order, [n| with
the order inherited from N, and also Z with the usual division relation.

Examples of particular interest for us are the following.

EXAMPLE 1.4.2 (THE BOOLEAN ALGEBRA). Let B, be the poset on P([n]) (the power
set of [n] consisting of the 2" subsets of [n]) where A < B in B,, whenever A C B C [n].
The poset B, is called the Boolean algebra on [n).

In the same way, we can consider the Boolean algebra By, for any finite set X. It is clear
that Bx is isomorphic to B,,, where n = | X|.
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ExAMPLE 1.4.3 (FINITE GRAPHS). Let us denote by G the collection of all finite graphs.
Both, the spanning subgraph and the full spanning subgraph relations give partial orders
on the set G. We will write

H <G, (resp.) H <G,

when H is a spanning subgraph (resp. full spanning subgraph) of G. For instance, H < G
in Figure 1.2.

The poset G with any of the relations < or < G is a locally finite poset. In this setting,
note that 7' is a finite tree if and only if 7" is a minimal connected graph in (G, <X), i.e., T
is connected and when we remove any e € E(T), the resulting graph 7" is disconnected

(k(T") > K(T)=1).
On the other hand, the definition of G implies that for any H < G we have that

[H,Glg = [0, E(G) \ E(H)]

Bra)’

i.e., these intervals are isomorphic. This follows by noticing that a full spanning subgraph
H < H' < @ is obtained from H by adding edges in E(G) \ E(H), see Figure 1.7 for an
example.

(2)
“’3"’ (1.2}, 3.4
(4)

N s RN

{{3.4}} {{1,2}}

\/
TN S NS

G—D 0

®
>
®
©
112

Figure 1.7: The isomorphism of intervals in G and a Boolean algebra.

EXAMPLE 1.4.4 (ROOTED TREES). Every rooted tree T on [n] induces a poset on [n]
where the order relation

j<ri
means that j is a descendant of 7 in 7', see Figure 1.4 for an example.

Recall that the Mdbius function p : Int(P) — Z can be defined recursively by the rules

1, ifx =1y,
w(fz,y]) = > w([z, 2]), if z <.

r<z<y
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This a recursive formula that for small posets can be computed directly. Moreover, iso-
morphic intervals have the same Mobius function. However, in rare cases it can be found
by direct inspection and general techniques are required to find it.

ExAaMPLE 1.4.5. Consider [n] with the usual order. By definition pu([i,4]) = 1 and thus
p(lisi+1]) = —p([i,i]) = —1. In the same way, p([i,i+2]) = —p([i,i]) — p([i,i+1]) =0
and in general p([i,k]) =0foralll <i<i+ 1<k <n.

ExaAMPLE 1.4.6. The Mobius function in B,, is well-known and is given explicitly by
(A, B) = (—1)!P-H,
for all A < B in B,,. Hence,
u([H,G)) = u((0, B(G)\ B(H)]) = (=1)PIE0]
forany H < G in G.
The importance of the Mobius function of a poset P is highlighted by the following
inversion theorem.

PROPOSITION 1.2 (MOBIUS INVERSION THEOREM). Let P be a finite poset and let
f,g : P — K functions with values in a field K of characteristic zero. The following
statements are equivalent:

1. f(y)=>_g(z), forally € P.

z<y
2. g(y) = >_ [z, y))f(x), for all y € P.
z<y
Naturally, this also holds for functions with values in rings R such as Z[t| or Z|[x1, ..., x,]

as they can be embedded in fields of characteristic zero (for instance, in their fields of
fractions).

EXAMPLE 1.4.7 (FINITE DIFFERENCES). If we have a sequence defined in R by
=1

which is the previous inversion formula for the poset [n].

EXAMPLE 1.4.8 (THE PRINCIPLE OF INCLUSION-EXCLUSION). When P = B, the

Mobius inversion theorem is known as the Principle of Inclusion-Exclusion. It claims that
for maps f,g: P([n]) — K,

f(B)= > g(A) ifandonlyif g¢(B)= ). (—1)!BI=141 £ (A),
ACB ACB
for all B C [n].
ExampLE 1.4.9. Consider maps f,g: G — Z. Then
f(G)= 3" g(H) ifandonlyif g¢(G)= Y (=1)POFDIf(R),
H=G H=G
for every finite graph G € G.
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H-POLYNOMIALS OF GRAPHS

The goal of this chapter is to build the p-polynomials of graphs. As we shall see, we can do
this in a recursive way. We will also compute explicitly the u-polynomials for the infinite
families of complete, path and cyclic graphs. The calculations are made directly from the
recurrences that define them and some of them are based in the use of generating series.
We highlight that the formulas obtained for p(C,,) are new. In fact, we will relate pu(P,)
and p(C),). These are written in terms of classical Narayana polynomials, and in the
former case, also in terms of the Narayana polynomials of type B. The basic definitions
and recurrences in this Chapter are taken from the work of Gonzalez D’Leén and Wachs
in [11].

2.1 'THE CONSTRUCTION OF pu-POLYNOMIALS

We start with some remarks on partitions. Let us recall that a partition 7 of a finite set
V is a collection m = {By, ..., B,,} of pairwise disjoint nonempty subsets B; of V' such
that V = UjL, B;. In particular, |V| = |B;| + -+ + | By, |.
Let G be a graph on [n]. A partition 7 of [n] is said to be bond in G if for every block
B € 7, the graph G|p is connected. We denote by

e

the set of bond partitions of G. Note that if G is connected, then [n] € Ils.

For a bond partition 7 of [n] we define the restricted graph G| to be the disjoint union

G|ﬂ— - U G|B

Bemw
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We are ready to define the main subject of this work, namely, the p-polynomial of a
graph. This name refers to the relation with the Mébius function of the following poset
of weighted bond partitions. We highlight that in [11] the authors introduced this poset
as an extension of weighted partition posets.

We say that a weighted partition of a finite graph G is a set w = {I{*,..., [*} where

e m={1l,..., I} € llg is the underlying bond partition.

e Foralli=1,...,k we have v; € {0,1,...,|[;] — 1}.
The sets I;* are called weighted sets. The poset of weighted partitions Wllg is the set of
weighted partitions of G with an order relation defined for a pair

{0y < {4 J

whenever:

o {Ii,.... It} <{J1,..., Ji} in Iy

o if =1, U---UI, then p, — (v, +---+uv;,) €{0,1,...,s — 1}.
The p-polynomial of a graph G is defined as the generating polynomial of the Mobius

function of the maximal intervals of Wllg, which are indexed by an integer j = 0,...,n—1,
i.e.,

Ha(t) = Z vt (0, {[n} 1)1

Here we are using the notation 0 := 0,, = {1]2| ... |n} to denote the minimal bond partition
consisting of all singletons. Let us give an example to fix ideas.

ExaMPLE 2.1.1. Consider the poset of weighted partitions WIlp, for the path graph
P3;. We can picture it in Figure 2.1 where the lines represent the order relation defined
above.

WIIp,
1230 123! 1232
120[3° 121[3° 230|10 231|10
\ /
10]20(30

Figure 2.1: The poset WIIp,.
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Using the recursive definition of the Mobius function, we can compute p and obtain the
values that are indicated in the boxes of the previous figure. In particular, we find that

pps(t) = e, (10, {[3]°1) + s, ([0, {131 3)¢ + s, ([0, {[3}])#* = #2 + 3¢ + 1.

In [11] is shown that the u-polynomials of graphs can be recursively defined. This can be
proved by studying the poset structure of WIls. The following will be our starting point
to work with these polynomials.

DEFINITION/ THEOREM 2.1 (GONZALEZ D’LEON - WACHS [11]). The p-polynomials
of finite graphs can be computed recursively as follows:

1. We set ug(t) =1 when |V] = 1.

2. If G is a graph with connected components Gy, ..., Gy, then
pa(t) = pig, (t) - - pey ().
3. If G is a connected graph with n = |V| > 1 we define

pet)=— > [l IT nes(®). (2.1)

rellg\{[n]} ~ Bér

Here we use the notation
[d;:=1+t+---+t"!  deNF,

for this symmetric polynomial which plays the role of the t-analogue to the constant d,
as it converges to it as ¢ — 1.

EXAMPLE 2.1.2. For the path graph P, the set of bond partitions is I1p, = {1/2,[2]}.
Therefore, (2.1) shows that

iy (t) = —(t + 1),

Consider now the connected graphs with three vertices Py and K35 = C}.

3
L L
1 2 3
Figure 2.2: The path graph Ps. 1 2

Figure 2.3: The complete graph K.
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For P its set of bond partitions is IIp, = {[3], 1|23, 3|12, 1|2|3}. Then (2.1) gives
pp,(t) = =2[2)(pp,(t) - 1) = [3],(1-1-1) =2(1 + ) — (1 +t + ) = >+ 3t + 1.

Similarly, the bond partitions of Cy are I, = {[3],1]23,2|13,3]12,1|2|3}. Then (2.1)
gives

pes(t) = =320 (up, (1) - 1) — [8l4(1-1-1) =3(1 +1)* — (1 + ¢ + %) = 2> + 5t + 2.

There are some simple properties deduced from the recurrence defining the p-polynomials.

PROPOSITION 2.1. The following assertions hold for a finite graph G = (V, E):

1. pa(t) € Z[t].
2. pg(t) has degree at most |V(G)| — 1.

3. If pue(t) has degree exactly |V(G)| — 1 =n — 1 when G is connected, then pg(t) is
symmetric (or palindromic), i.e., pug(t) = t48#a) =14 (1/t). In particular, pg(—1) =
0 for n even.

Proof. (1) is clear from the definition since [d]; € Z[t], for all d € N*.

(2) By induction on n. The assertion holds for G = (V, E) and |V| = 1 since pg(t) = 1.
If we assume it holds for all graphs with |V| < n, we have two cases. If G has connected
components Gy = (Vi, Ey), ..., Gy = (Vi, Ey), then

deg(pa) = deg(ua,) + - -+ +deg(ug,) < (Vi = 1) + -+ (Vi = 1) = [V] =k < [V| = 1,

so the conclusion holds in this case. Finally, if G is connected,

deguic) < max {deg<wt>+zdeg<ucs>}

rellg\{[n]} i

< max {\ny—1+z(|3|_1)}: max]}{|7T\—1+|V’—‘7T’}:|V|_1v

rellg\{[n]} i rellg\{In

as required. The statement follows from the principle of induction.

(3) Again by induction on n. If the assertion holds for all connected graphs with a number
of vertices less than n, and G is a connected graph on [n], then

g/t =~ >0 T lxfy [T 07 e (1/0)

mellg\{[n]} Bem
== > Al I #es () = pa(t).
rellg\{[n]} Ber
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Note we used the symmetry of the polynomials [d];: t*~*[d];;+ = [d];. The same holds if
G has connected components Gy, ..., Gy since deg(ug) = X5, deg(ue,) and thus

k
tdeg(“G),ug(l/t theg(ucj p, (1/t) = H a(t).
Jj=1 J=1
Finally, uc(—1) = (=1)"'ug(—1) = —pg(—1), so ug(—1) = 0 when n is even, as
needed. O]

REMARK 2.1.1. As we shall see in Chapter 4, assertion (3) always holds, i.e., if G is
connected, then pg(t) has degree exactly |V(G)| — 1. Moreover, the coefficients of ug
have the same sign. In fact, the sign of the coefficients is (—1)V(@I=1 In this way, we
will write

lla(t) = (=1)V O g (1)

for the corresponding signless polynomial, i.e., |u|g(t) has non-negative coefficients.

REMARK 2.1.2. There are another system of recurrences that can be used to define the
p-polynomial of a graph. In fact, we can consider the contracted graph G/, as the graph
on the vertex set V(G/,) := 7 and edge set

E(G/;) ={{Bi, B;j} | Bi, B; € m are such that {a,b} € E(G) for some a € m;,b € 7,}.

In Figure 2.4 we illustrate this construction for a graph on [7] and the bond partition
given by m = {B; = {1,4,6}, B = {2,3,7}, B3 = {5} }.

Figure 2.4: An example of a contracted graph by a bond partition.

In this way, we can replace recurrence (2.1) by the recurrence

pet)=— Y pex@) TTIBIL (2.2)

mellg\{0} Bem

However, we are not going to use this approach in the current work.
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REMARK 2.1.3. Although we are interested in the case of univariate p-polynomials, it
is worth to mention that there is a more general version of y-polynomials in a countable
family of variables @ = (x1, x2,...). In fact, for the general case we consider the complete
homogeneous symmetric polynomials
Hm(a:) = Z l'ilxiz e .Z‘Z'm
1<iy <ip<--<im

as the formal series consisting of all monomials in « of total degree m. They can be
described by the formal relation

iHj(fB)Z” = ﬁ

In this general setting, the recurrences defining pq(x) associated to a graph G on [n] are
as follows:

1. If n =1, we set pe(x) = 1.
2. If G is a graph with connected components Gy, ..., Gy, then
pe(®) = pig, () - - - pe, ().
3. If GG is connected, then we have the following two equivalent recursions

pe(x) =~ > Hga(@) [] pnes(=), (2.3)

mellg\[n] Ben
po(@) =~ % nose(@) I Hip(@). 2.4)
WGHG\O Berm

Note that specializing at & = (1,¢,0,0,...), we find the symmetric polynomials
[d]; == Hy_1(1,£,0,0,...) =1+t 4+t deN,

having as ordinary generating series

i 1
dzzzo[d]tzd S (2.5)

In particular, formulas (2.3) and (2.4) specialize to (2.1) and (2.2). Therefore, we recover

() = pe(1,4,0,0,...)

as needed.

The remaining of this chapter is devoted to find explicit formulas for the p-polynomials
associated to the graphs K,,.P, and C,,, for any n > 3. From now on, given a finite graph
G we will use the notation

e = e,
!

where Ilg ; denotes the set of bond partitions of G with exactly & blocks.
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2.2 (COMPLETE GRAPHS

In this section we compute the u-polynomials of the complete graphs K,,. As we shall see,
the calculation can be deduced from the formula of the composition of exponential gen-
erating functions using partitions and from the compositional inverse of a series involving
exponential formulas.

More specifically, we will use the following proposition. The proof can be consulted in
[21], Theorem 5.1.4.

PROPOSITION 2.2 (THE COMPOSITION FORMULA). Let K be a field and consider the

exponential formal power series f(t) = Yo% | “¢™ and g(t) = 14 >.00_; 22¢™. Then their
composition (go f)(t) = Y02, =t" is well deﬁned and its coefficients are given by ¢y =1
and
o= DL @By apy by,
7={B1,..,By}

where the sum is taken over all partitions 7 of [n].

With this formula at hand, we can proceed. Let K, be the complete graph on [n]. For
n =1, ug,(t) = 1. In general, since any partition of [n] is a bond partition of K, the
recurrence (2.1) takes the form

n

furc, () + D [K]e > [k g, () - ok, (8) = 0,

k=2 {Bl,m:Bk}eHKn,k

where the inner sum is taken over all partitions of [n] with k blocks. Using the previous
proposition, the previous equation means that

o] tz _ 2 [e¢)
Z[n]fznze e,andKzt
n—1 n. t—1 n=1

are compositional inverses one of each other, i.e.,
etK(z,t) _ eK(z,t)

t—1

= z.
To solve this equation we recall the formula
T _ eﬁm o(—1) o n—1 "
((a—ﬁ)e‘meﬂx> gl;[ n—7j a-l—]ﬁ)*,
for parameters a, 8 € C, o« # [ given in [9, Example 1.7.2]. We refer the reader to

Appendix A.1 for a direct proof of this fact.
Choosing o = —1, 8 = —t leads to K(z,t). In this way, we obtain the following result.
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ProrPOsSITION 2.3. The p-polynomials of the complete graph K, is given by

n—1

pr, (t) = (=1)"! H(jt +n— 7). (2.6)

In this case, we can check the validity of Remark 2.1.1 since all coefficients have the
same sign, the polynomial has degree n — 1, and it is symmetric. Note that the leading
coefficient as well as the constant term of ||k, () is precisely

|1l k, (0) = (n = 1)L,
The first few values of these polynomials are

t
t
t
t
t
t

t+1,
2t + 5t 4 2,
6t° + 26t* + 26t + 6,
24t* 4 15413 4 269t% + 154t + 24,
1208° + 1044t* + 27241 + 2724t + 1044t + 120,
7205 + 8028t° + 28636t* + 42881t% + 28636t + 8028t + 720.

|1l ey
|| s
|l e
|1l s
|l ks
‘M’K7

TN N N TN TN

)
)
)
)
)
)

Another property that is evident from the general formula (2.6) is that pg, has only real
roots and they are simple.

2.3 PATH GRAPHS

We move now to the case of the path graphs P,. In this case, the calculation depends
on the usual formula for the composition of formal power series. We will see that in this
case the p-polynomials are a well-known family of polynomials known as the Narayana
polynomials.

PROPOSITION 2.4. Let K be a field and consider the formal power series f(t) =
o Lant™ and g(t) = by + Yoo, byt™. Then their composition (g o f)(t) = Y00, c,t" is
well-defined and its coefficients are given by ¢y = by and

Cn=bian +Y bp D ag - ay,

J=2  ki4ethy=n

where the sum is taken over all possible solutions (k1,...,k;) € (N*)7 in positive integers
Ofk1++k]:n

We start by identifying the bond partitions associated to the path graph P, on [n]. In
fact, having a bond partition 7 in P, corresponds to choose 1 < 7 < n and a solution
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(k1,...,k;) in positive integers of k; + --- + k; = n, being j = |r|. Indeed, any other
partition 7 having a block B containing non-consecutive terms cannot be bond.

Some examples of this correspondence are m = (1]2]...|n), where j = n and (1,1,...,1).
Also, for m = [n] we have j =1 and (k; = n).

Therefore, the recurrence (2.1) defining pp, (t) takes the form up, (t) = 1 and

/’LPn+Z[j]t Z 'qul .../,(,ij :07 nZ 2
=2 kitethy=n
This means that the series

o0

=1

(recall (2.5)) are compositional inverses one of each other. Inverting H as a power series

in z, i.e., solving m = z for (, or equivalently, solving the quadratic equation

(2t)¢* = (1+ 2(1+1))C + 2 =0,

we find that

14+ 2z(14+1t) — /1 4+22(1 +t) + 22(t — 1)?

L(z,t) = ( ) \/ ( ) ( ) : (2.7)
2zt

Despite its appearance, the previous generating series gives rise to explicit formulas in

terms of the Narayana polynomials and Narayana numbers, having several applications

in Combinatorics. The reader may consult [14] for more information.

The Narayana polynomials N,,(¢) are defined by means of the recurrence Nj(¢) = 1 and
N, (t) = (1 +t)N +tZN Noo1-(t), n> 2.
In terms of the generating series
=Y N
n=1
this means that

N(z,t) =z + i No(t)z

n=2
—Z+Z (1+¢)N +tZN Noo1-;(t) ] 2"

=2+ (1 +1t)2N(z,t) + tzN(z,t) :
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or equivalently, that
(2t)N(z,8)* + (2(1 +¢) = )N + 2z = 0.

Solving this equation we see that

N(z 1) = L—z(1+8) — /1 —;Zz(wr 1) + 22(t — 1)2‘

(2.8)

In particular, we see that
L(z,t) = =N(—=z,1).

This proves the following proposition.

ProrosiTION 2.5. The p-polynomials of the path graphs P, are given by
pp, () = (=1)" "Ny ().

Once again, we see that the coefficients of up, (t) have the same sign and that the poly-
nomials are symmetrical. In terms of the generating series of the Narayana polynomials,
this is equivalent to say that

1
-N (tz, 1> = N(z,1),
z t

which readily follows from (2.8).

The explicit coefficients of the Narayana polynomials
n—1

No(t) =D Ny yt”
k=0

are well-known and are given by the Narayana numbers N, , which are non-negative
integers. In fact, it is known that

1 n\(n-—1 n—1\/n+1 n n
Npp = —— = — , 0<k )
* k+1<k>< k ) ( k ><k+1> <k><k+1> =
In particular,
Nn,O - Nn,n—l =1
and pp, (t) has degree exactly n — 1.

For further use, we remark the alternative formula
" 1(n n
No(t)=> = tht > 1 2.
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The first few values of the u(P,)- and Narayana polynomials are

ulp,(t) =1 +1,

\ulp,(t) =t 4+ 3t + 1,

il p, () = 7 + 61> + 6t + 1,

1| p, (1) = t* + 10£° + 20t + 10t + 1,

1| py () = t° + 15¢* + 50¢* + 50t + 15¢ + 1,

il p, (t) = %+ 218° + 105¢" + 175¢° + 105¢% + 21¢ + 1.

2.4 (CYCLIC GRAPHS

This final section deals with the explicit calculation of the p-polynomials of the cyclic
graphs (), and their generating series. We will see that they can be written in terms of
the p(P,)- and the Narayana polynomials of type B. We highlight that the results of this
section are new.

To describe the recurrence (2.1) for G = C,,, it is necessary to describe all bond partitions
of this graph. These are close related to the bond partitions of P,. In fact, note that
given v € Ilp, and ¢ € [n], we obtain a bond partition of C), rolling up clock-wise P, on
C,, matching the vertex 1 of P, with the vertex i of C),, see Figure 2.5.

(=R —v—

Figure 2.5: A bond partition of P, gives bond partitions on C,,.

More precisely, if we set
gi - [n] — [n], r+— x+1— 1(mod n),
we obtain the map
F:Tlp, x [n] — g, F(v,i) ={g:(A) : Aen~}.

Since g; is a permutation of [n] (given by a translation), F' is well-defined. Note that F'
preserves the number of blocks, i.e., F(v,i) € Ilg, x if and only if v € IIp, .
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Note that F'is onto, but not injective. In fact, given 7 € Il , if we select a block B € 7
and let i = min B, there is a unique v € Ilp, such that F'(v,i) = 7. However, different
choices of blocks produce different ~.

To identify this correspondence, for each level Ilp, j, % [n], we can unfold by blocks and
obtain the desired bijection. To this end, given 7w € Il , consider the map fr : # — [n],
B — min B.

LeEvMMA 2.6. If k> 1and C; ) = {(7,B) : m € Ilg, x, B € 7}, the map defined by

o lp,p X [n] — C} 4 (7,8) — (7, B') = (F(v,1), f; (1)),
is bijective.
Proof. By the definition of F, B’ = f-1(i) is the block of # = F(v,7) having 7 as least
element, and g; *(B’) is the block of v containing 1. Therefore, ¢ consists of simply
marking the block of 7 that contains 7.

Given 7 € Mg, and B € 7, if we set i = f-(B) and v = {g;'(B) : B € 7}, then
vr(7,1) = (m, B). Thus, ¢ is onto. The previous discussion shows ~ is unique, so ¢y is
also injective. O

REMARK 2.4.1. This lemma gives a combinatorial proof of the equality
k’HCn,k’ = n‘Hpmkl. (210)

In fact, simply note that |C}; ;| = k[Ilg, x|. We can give another proof as follows. For P,

we have that |IIp, x| = (Zj), since this is the number of solutions in positive integers of
J1+ -+ Jr = n, see Section 2.3. For C,,, partition this into £ > 1 connected components
corresponds to remove k edges from C,. Therefore, |ll¢, x| = (Z) from which (2.10)

follows.

We are in position to write (2.1) explicitly. First, grouping the sum for bond partitions
with the same number of blocks, we have

n

:uCn(t) == Z[k]t Z H IuCn|B(t)’ n>2.

k=2 WEHC”,IQ Ber

Notice that uc, |, (t) = fipy (t), for each block B € m. In particular, if 7 = F(v,1), for
some i € [n], then [Ipeq pipy (1) = [lacy tim, (1) since F' preserves the size of each block.
Then Lemma 2.6 shows that

k Z H MP|B\(t) = Z H :uP\B|(t)

wellg,, » BET (ﬂ,B’)ECT*L,k Ber
= Z H MPlA\(t> =n Z H /J’P\A\(t)‘
(’y,i)GHPn’kX[n] Aey ’yEHpn’k Aey
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In conclusion, we find the recurrence

C(zt) = Y pie, (B)="
n=1
satisfies
= - [k]t ] n - n
EHEEED S DSECTID DI | WG] FE SEIINOE
n=2 | k=1 nellp,  Bem ] n=2
B 00 n [k]t . 00
=z-) ZT [T wpy ()| 02"+ > e, ()2
n=1 | k=1 ne€llp,  Bem ] n=1
oOF oL
=z— za(z,t) + za(z,t)

Flz,t)=> v > 1 /LplBl(t)] 2" = (i Mtz") o L(z,1).

n=1 | k=1 n€llp, , BET

Noticing that 0, (302, [n]:2"/n) = H(z,t)/z, an application of the chain rule gives

n=1
OF _ M(LaoL 2o :
0z L 0z L0z \/1 +22(14 1) + 22(1 — t)2'

From here, a straightforward calculation proves the following result.

PROPOSITION 2.7. The generating series of the p(C),)-polynomials is

L= 2622 4+ 2(t+ 1) — /1 +22(1 +¢) + 22(1 — 12

C(z,t) =2+
2021+ 22(1+1) + 22(1 — t)?

To obtain a closed formula for ue, (t), we will use of the Narayana polynomials of type B
8] defined as

Wi (t) = zn: (Z)Qt’f.

k=0

If n =0, Wy(t) = 1. We collect some of their properties in the following lemma.
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LEMMA 2.8. The Narayana polynomials of type B satisfy the recurrence
W, (t) = (t + D)W, _1(t) + 2(n — D)tN,_1(2), (2.11)
where N, is nth Narayana polynomial. Moreover, their generating series is

1
T2t ) 21—t

(2.12)

W(z,t) = i Woa(t)z"

Proof. Equation (2.11) follows expanding the square of (Z) = (";1) + (Zj) and recalling
(2.9). In fact,

_i n_12tk 22”: n—1 n—ltk+z”: n—thk

=\ k =\ k E—1 o \k—1

“in-1 Qk 1l n-1\(n-1\,, “in-1 2k
- ey S () B )

= (t:+ DW,1(t) +2(n — 1)tN,_1(2).

Note that (2.11) is equivalent to say that W (z,t) satisfies

ON

Wiz, t)=1+2(1+t)W(z,t)+ 2tz25.

Solving for W (z,t), and recalling from (2.8) that

ON 1= 2(1+41) =120t + 1)+ (1— 1)
0z 2tz2\/1 —22(t+ 1)+ (1 —t)2

, (2.13)

a brief calculation leads to (2.12).
[

We are in position to prove an explicit formula for pc,(t) in terms of the Narayana
polynomials NV, (t) and W, (t).

THEOREM 2.9. The p-polynomial pue, (t) associated to the cyclic graph C), on [n] is
given by the formula

pe, () = (=1)" 7 [N (t) = Waa (2)] 2 (2.14)
ISV Ik
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Proof. It P(z,t) = 24+ Y22, [nN,,(t) — Wy_1(8)] 2, (2.12) and (2.13) show that

P(z,t) =2z + zaa/:/ — 2W (z,t)

L= z(t+1) = 222 — /1 — 22(t +1) + 22(1 — 1)?2
2t2y/1— 22(t + 1) + 22(1 — 1)? '

Since C(z,t) = —P(—=z,t), the result follows from Proposition 2.7. O

The first cyclic polynomials are given by

|ple, (t) =1+ 1,

||y () = 262 + 5t + 2,

|ile, (1) = 3t° + 152 + 15t + 3,

|| (1) = 4t* + 348° 4 64> + 341 + 4,

1] (£) = 5t° + 65t 4 200¢% + 200> + 65¢ + 5,

il (8) = 618 + 111¢° + 510t 4 825¢% + 510> + 111¢ + 6.

In this case, it follows from the general formulas that

|1l (0) =n =1,

and that |u|c, () has positive coefficients. The last assertion is a consequence of the

k

inequality %5 (”) > (”;1>, holding for £ = 0,1,...,n—1. Finally, uc, is symmetric since
N,.(t) and W,,_;(t) are symmetric. Once again, puc, has degree exactly n — 1.
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RELATIONS BETWEEN - AND h-
POLYNOMIALS

The aim of this chapter is to recall the h-polynomials of building sets B and their rep-
resentation in terms of B-forests. Inspired in the case of cyclic graphs, we will prove
that it is possible to compute the 1(G)-polynomial in terms of h-polynomials of graphical
building sets B(H), where H is a full-spanning subgraphs of G. Moreover, the formula
we will obtain can be inverted by means of Mébius inversion theorem, thus also allowing
us to find h-polynomials of graphical building sets in terms of p-polynomials of its full
spanning subgraphs.

3.1 h-POLYNOMIALS AND B-FORESTS

In this section we recall the h-polynomial hi(t) of a building set B and its expansion in
terms of B-forests. These results will be crucial in the development of the chapter since
they will allow us to prove the first main result of this work.

The recurrence definition of the h-polynomials is as follows and it is due to A. Postnikov.

DEFINITION/ THEOREM 3.1 (C.F. THEOREM 7.11 [15]). The h-polynomials associated
to building sets is determined by the following recurrence relations:

1. If B consists of a singleton, hz(t) = 1.

2. If B has connected components By, By, ..., B, then
hi(t) = hi, ()i, (t) - - - hig, ().
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3. If B is connected, then

hs(t) = 3 (6= 1) hy, ().

1¢[n]

ExampLE 3.1.1. Recall the building set B, from Example 1.2.1. Since (B,)|; is a
disconnected building set formed by |I| singletons, h(z,), = 1, for all I C [n]. Thus, the
previous recurrence gives

he ()= 3 (=1 =5 (") -1 = et

1<l =0 \J t=1

The h-polynomials admit an expansion in terms of B-forests, which we recall now.

DEFINITION 3 (B-FOREST). A rooted forest F' on [n] is a B-forest for a building set B
on [n] when

(BF1) For any i € [n], we have F; € B.
(BF2) For k > 2 incomparable nodes i1, ... ,i; € [n] of F', one has U;‘-”Zl Fe;, & B.

(BF3) The sets F<;, for all roots i of F, are exactly the maximal elements of the building
set B.

The connected components of B-forest are called B-trees. Thus, the connected components
of a B-forest are the B-tress associated to the connected components of B as a building
set.

REMARK 3.1.1. The previous definition is designed for general building sets. However,
for graphical ones, we can assume that £ = 2 in (BF2) when G is connected. In fact, let
T be a B(G)-tree and assume that for any pair nodes 4, j € [n], we have that T<, UT<; &
B(G). By contradiction, assume there are nodes iy, . .., i, of 7" such that T, U- - -UT,;, €
B(G), where k > 2. Since each Tk;; gives a connected subgraph of G, and their union
also gives a connected subgraph of G, there must be a couple of indexes a,b € {iy,... i}
such that T<, U T, € B(G), which is not possible. Thus, (BF2) holds for any k& > 2.

We will be using an alternative description of a B-tree presented originally in [16].

PROPOSITION 3.1 (C.F. PROPOSITION 8.5 [16]). Let B be a connected building set on
[n] and By, ..., B, the connected components of the restricted building set Blp,\ (. All
the B-trees T' with root i € [n] are obtained recursively by connecting to i the roots of
Bj-trees Tj for j =1,...,r.

Varying ¢ in Proposition 3.1 we obtain all possible B-trees. If B is not connected, we
apply this process to each of its connected components in order to construct all possible
B-forests.
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ExampLE 3.1.2. Consider the graph G on [8] displayed in Figure 3.1. The B-tree T" in
the picture is obtained as follows. First, choose 4 as root of T. The graph G’ obtained
from G by removing 4 is still connected, so 4 has only one child in 7. Now choose 5 as
the next vertex in G'. By doing so, G’ gives two graphs: a path one on {6,7,8} and a
kite one on {1,2,3,4}. Thus 5 has two children in 7. By continuing this way we arrive
at T as in the figure.

G T

D i
(D)
6 o] ®0
0% 2 7
D
@ 8

Figure 3.1: T is an example of a B(G)-tree.

In a B-forest F, an edge {v,w} € E(F) is a descent if w <7 v and w < v, according
to the usual order of N. We denote the total numbers of descents in F' as des(F'). For
instance, des(7") = 1 in the tree of Figure 3.1 and the only descent is at the edge {1,5}.

In these terms, we have the following fundamental result from [16].

PROPOSITION 3.2 (COROLLARY 8.4 [16]). If B is a building set on [n], then

he(t)= > 90,

F a B-forest

where the sum is taken over all possible B-forests.

ExAMPLE 3.1.3. For the building set B, of Example 1.2.1, since (B,)|p)\ ;3 has n —1
connected components, the only B,-tree T; with root j has n — 1 children, and thus
des(Tj) = j — 1, see Figure 3.2. The previous result proves again that

h'Bn (t) = Z tj_lv
j=1

as expected.

34



1 2 e g —1 j+1 -+ n-1 n

Figure 3.2: The B,-tree T}.

3.2 p-POLYNOMIALS IN TERMS OF h-POLYNOMIALS

It is known that the A-polynomials of the graphical building sets for the path and cyclic
graphs are precisely the Narayana polynomials

hip) () = Na(t),  hse,)(t) = Waa(t), (3.1)

respectively, [16, Section 10]. In these terms, (2.14) takes the form
pe, () = (=1)" nhuspy (8) + (1) (e, (1)- (3.2)

We can explain this formula in terms of spanning subgraphs. Recalling Example 1.1.5, we
see that e, (t) coincides with the sum over all its spanning graphs H of (—1)/EUDI hg ) (1).

The relation (3.2) is not an isolated fact. Indeed, it inspired the following theorem ex-
pressing p(t) in terms of h-polynomials of graphical building sets.

THEOREM 3.3.

pa(t) = 3 (1) (1), (3.3)

H=G

where the sum is taken over all full spanning subgraphs H of G.

In particular, if G is a connected tree on [n], its only spanning subgraph is itself and
|E(G)| = n — 1. Therefore, we obtain the following result proving Conjecture 1.

COROLLARY 3.4. If G is a tree on [n], then
pa(t) = (—=1)"""ha(t).

ExampLE 3.2.1. Theorem 3.3 also gives a new proof of the values in (3.1). In fact, by
Proposition 2.5 and the previous corollary, we see that

hp, (t) = (=1)"" pup, (t) = Na(t).

Moreover, the previous theorem proves that (3.2) holds. Thus, we can solve this equation
for hp(c,)(t) and recover the value hp(c,)(t) = W,—1(t) from Theorem 2.9.
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The remaining of this section is devoted to the proof of Theorem 3.3. We start with the
following lemma.

LEMMA 3.5. The following statements are equivalent:

1. For any G € G
pa(t) = Y (=1)FDlag (1), (3.4)

HXG

where the sum is over all full spanning subgraphs H of G.

2. For any connected G € G with |V(G)| > 1 we have that

;G(—l)E(H)l[k(H)]thB(H) (t) =0, (3.5)

where the sum is over all spanning subgraphs H of G.

Proof. Since ug(t) = (—1)°hg(t) = 1 when G = (e,0), the idea of the proof will be to
show that the right-hand side of (3.4) satisfies the recursion (2.1) when G is a graph on
vertex set with [V| > 1. For such graph then define

Qc(t) = Y (=1)!FDlhy(t).

H=<G

Note that if G has connected components G4, ..., Gy, then

Qa(t) = Qay (1) -+ Qo (1)

Indeed, a full spanning subgraph H < G is the disjoint union of H,..., H;, where
each H; < G;. The formula follows since |E(H)| = |E(H1)| + --- + |E(Hy)| and hy =
hg, - -+ hp,, thanks to Theorem 3.1.

Therefore, it is sufficient to prove that Qg(t) satisfies the recurrence of equation (2.1)
when G is connected. For this we want to prove, in equivalent form, that

Sl I Qe (t) = 0.

mellg Bem

Recalling that for each bond partition 7 € Ilg, the connected components of G|, are of
the form G|g, where B € m. The previous equation is equivalent to

> > (=)EI Iallhu () = 0. (3.6)

nellg HLG|x

Note that the two sums in equation (3.6) can replaced by a sum indexed on the set

L ={(n,H) | mellg, H =G|}
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Let

I,:={H|H<G}.
We show that there is a simple bijection between the sets [; and I, which allow us to
rewrite (3.6) in a simpler form.

Indeed, if (7, H) € I, then H can be regarded as a subgraph of G since it is a full spanning
subgraph H =< G|, and hence satisfies V(H) = V(G|,) = V(G). Conversely, let H € I,
with connected components Hi, ..., Hy. The set 7y = {V(H}),...,V(H)} is a bond
partition of G since connectivity in H implies connectivity in G'and U¥_, V(H;) = V(H) =
V(G) (see Figure 3.3 for an example). Then (7y, H) € I; given that each H; is connected.
Finally, it is clear that the maps (7, H) € [, - H € Iy and H € Iy — (my, H) € I, are
inverses of each other.

Since k(H) = k(G|,) = |n| for (7, H) € I, we conclude that the double sum in (3.6) can
be written as in equation (3.5). O

G H G|«

(4) (3 @ OO
63@

P U Py

Figure 3.3: The pair (7p, H) for the given H, where 7y = {178|2456|3}.

A sign-reversing involution. Due to Lemma 3.5, in order to prove Theorem 3.3 we
now have to show that equation (3.5) holds for any connected G € G with |V (G)| > 1.

The idea to prove equation (3.5) is the following. We write first (3.5) in an equivalent
form as a sum over a suitable set of combinatorial objects ¢ together with a signed

weight-function
w: Qg — ZJ[t]

where w(x) is the contribution to the left-hand side of equation (3.5) of # € Q. Then,
we want to construct a sign-reversing involution

QOIQg—)Qg,

i.e., one satisfying w(p(x)) = —w(z). If the involution ¢ is free of fixed-points we would
have concluded that the left-hand side of equation (3.5) vanishes by invoking the Involu-
tion Principle explained in Section 1.3.
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Based on Proposition 3.2, we can replace hpg(m)(t) by the sum of ¢4 over all B(H )-forest
F. Moreover, if F'is a B(H)-forest with H < G, we can sort its roots 7o < 74 < -++ <
Tk(H)—1 in ascending order, according to the natural order of N and define op(;) :=1. Let

Q¢ :={(H,F,7)| H <G, F a B(H)-forest, and 7 a root of F'},
w: Qg — Zlt], w(H,F,71) = (_1)‘E(H)|tdeS(F)+O'F(T)'

Since [k(H)]; = 14+t + - + t*=1 equation (3.5) can be rewritten as

> w(H F1)=0, (3.7)

(H,F,T)EQG

which is the sum for which we will build the sign-reversion involution.

Two auxiliary constructions. To proceed we require the following two auxiliary con-
structions from the set of B(H)-forests F' with H < G to the set of B(H')-forests F' with
H' < G where H' is obtained by adding or removing an edge {vg,v1} € E(G) from H.
We consider the following situations:

If {vo,v1} € E(H) and vy € F<,,, we let E(H') = E(H) \ {{vo,v1}} and define the
rooted forest F' |0 by cases:

(a) if {vo,v1} disconnects H, F' |}° is the forest resulting from F' by removing the edge
{vo,a} € E(F), where a is child of vy such that v; € F<,, see Figure 3.4. Then,
F 10 has one more tree than F', having a as root.

F F oy
T T
N N
pn—l pn bo b

LY ;T p2 DPn-1 Pn

|
- UOR
a e ar

Figure 3.4: Construction of F' |3° when {vp,v;} disconnect H.

(b) If {wg,v1} does not disconnect H, F' |}0= F.

If {vo,v1} & E(H), we let E(H') = E(H) U {{vg,v1}} and we denote by F 13! the
following rooted forest:
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(a) if vo and v, are in different connected components of H, F' 17! is the forest resulting
from joining vy to F<, by the new edge {wvo, a}, where a is the root of the tree of F
containing v;.

(b) If vy and v, are in the same connected component of H, then F' 131= F.

The proof of the next lemma is based on Proposition 3.1 describing the recursive con-
struction of B-forests.

LEMMA 3.6. For (H, F,7) € Q¢ the following assertions hold.

1. If v € F<, is such that {r,v} € E(H), then F |} is a B(H')-forest, where H' =
(V(H), E(H)\{{r,v}}).

2. If {7,v} € E(G) \ E(H) and a is the root of F' such that v € F<,, then F' 1 is a
B(H')-forest, where H' = (V(H), E(H) U {{r,v}}).

Proof. We only prove (1). The proof of (2) follows a similar line of reasoning and it is
omitted. Let H < GG with connected componentes Hq, ..., H, and assume without loss of
generality that 7,v € H;. According to the construction of F' |7, we have two cases:

(a.) When {r,v} disconnects H, the graph H' has an additional connected component
compared to H. Let us say that the component H; of H splits into two connected
components Hj and H] of H'. Assume without loss of generality that 7 € H and
v € Hi. Note that H|p(-y and H'|j\ ¢y have the same connected components,
namely, H{, Hy, ..., H, and the connected components of H{|p -1

Now, let F' is a B(H )-forest formed by B(H;)-tress Tj for j = 1,...,r. T3 has 7 € H;
as root which has as many children as components of Hg|j)\ (-}, plus the children a
for which v € (T1)<4. Therefore, F' |7 is formed by the trees Ty, ..., T, (T1)<q, and a
tree T} resulting from 7 by removing {7, a}, which is a B(H’)-forest. Indeed, T; is a
B(H;)-tree for j =2,...,7, (11)<, is a B(Hp)-tree with root a, and 77 is a B(H/)-tree
with root 7. The last holds because the subtrees attached to 7 in 77 are constructed
recursively as B-trees from the components of H|j,\ (-} that are different to H7, that
is, from the components of Ho|p (-}

(b.) When {vg,v;} does not disconnect H, we have that [’ |}°= F. In this case, H and
H' have the same number of connected components. Then H|pp (-3 and H'|p) ¢}
have the same connected components and it follows that F' is also a B(H’)-forest.

O
Consider now the map ¢ : Q¢ — g defined by

(H',F |l ,7), if{r,v} e E(H),

BT = {(H',F 1,7), if {r,0} € E(H),
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where v = min{u € N | {r,u} € F(G)} and H' is the subgraph of G such that E(H') =
E(H)\{{r,v}} or E(H") = E(H) U {{r,v}} respectively. The map ¢ is well-defined
thanks to Lemma 3.6.

LEMMA 3.7. The map ¢ is a sign-reversing involution on {2 that is free of fixed points.

Proof. We want to check that ¢ o ¢ = idg,. We write (H', F',7) := ¢(H, F, ) and let
(H",F" 1) :=o(H' F',T).

Note that the constructions (1)(a) and (2)(a), as well as (1)(b) and (2)(b), are inverses of
each other. In symbols, we have that

(Fl)t=F  (F1)=F

In the case {r,v} € E(H). By definition, {r,v} ¢ E(H’'). Thus, E(H") = E(H') U
{{r,v}} = E(H) and hence H" = H. Also F" = (F [|7) 1= F. Similarly, in the case
where {T,v} & E(H), we have H” = H and F” = F. Therefore, checking that ¢ is an
involution.

To prove that ¢ is sign reversing we need to show that
w(H, F, 7_) _ (_1)E(H)tdes(F)+aF(7—) — _(_1)E(H’)tdeS(F’)+O'F/(7') _ —w(H, F,,T).

By construction |E(H)| = |E(H")| 1, so (=1)FUDI = —(—1)IEHI Thus, we are left to
prove that
des(F) + op(7) = des(F') + op/ (7). (3.8)

When F’ = F the equality is clear. Consider the situation when {7,v} disconnects H.
Let a be the child of 7 such that v € F,, which is now a root of F/ = F |7. We
have two cases. The first case is when 7 > a (as numbers in N). In this case we have
des(F') = des(F) — 1 and op/(7) = op(7) + 1. The second case is when 7 < a. In this
case we have des(F’) = des(F) and op(7) = o (7). In any of these cases equation (3.8)
holds. Now, in the situation when 7 and v are in different connected components of H,
and {7,v} decrease the number of connected components with respect H, we have that
F" = F 1¥, and the same line of reasoning leads to verify equation (3.8).

Finally, the fact that ¢ has no fixed points follows from the fact that, in any situation,
H # H'. We conclude that ¢ satisfies the required properties. n

We have now all the ingredients for the proof of Theorem 3.3.

Proof of Theorem 3.3. Lemma 3.7 proves equation (3.7) and hence, by the comments
above, confirms the equivalent equation (3.5). The proof of Theorem 3.3 now follows
from Lemma 3.5. O
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3.3 FROM pu-POLYNOMIALS TO h-POLYNOMIALS: A MOBIUS INVERSION
FORMULA

The Mobius inversion formula explained in Section 1.4 allows to invert the formula ob-
tained in Theorem 3.3. In fact, we have the following alternative to compute h-polynomials
of graphical building sets from p-polynomial.

THEOREM 3.8.

hie)(t) = I;G(—l)E(H)'MH(t),

where the sum is taken over all full spanning subgraphs H of G.

Proof. This is a consequence of Theorem 3.3 and the Mobius inversion theorem applied
to the poset G of finite graphs with the full-spanning order relation. In fact, Example
1.4.9 proves that

(=) gy () = >° p([H, Glpn(t)

H=G
=Y (=D)E@I=IEE], (1),
H=G
which is equivalent to the formula we want to prove. O]

To conclude we remark that the previous theorem also allows to conclude the calculations
of Example 3.2.1.
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{-TREES

The goal of this chapter is to construct a new family of forests associated to p-polynomials
in the spirit of the B-forests associated to the h-polynomials of building sets. We will
develop their main properties, including different characterizations for them as well as an
analogous result to Proposition 3.2. As an application, we provide a closed formula, in
terms of Narayana polynomials, for the u-polynomials of a family of kite-like graphs.

4.1 'THE NOTION OF p-TREES AND p-FORESTS

DEFINITION 4 (pu-FOREST). Let G be a graph on [n]. A rooted forest F' on [n] is an
p-forest for G (or simply a p(G)-forest) if

(MF1) For any j € [n], and for all children 7 of j, we have that F, U{j} € B(G).

(MF2) The sets F<;, for all roots ¢ of I, are exactly the maximal elements of B(G).

If G is connected, we refer to such F' as an u-tree. Thus, the connected components of an
p-forest are the u-trees associated to the connected components of G.

REMARK 4.1.1. If T be a p-tree for a connected graph G, then T always satisfies (BF1).

In fact, if v € [n],
Teo = (T<a U{o}),

a<<v
where the union is taken over the children a of v. Since T, U {v} € B(G), and they all
have {v} in common, then T, € B(G), as desired.
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Fix a connected graph G on [n] and v € [n]. We will refer to a bond partition 7 of G|\ (v}
as v-admissible if for every block B € m, there is at least a v € B such that {v,u} € E(G).
With this terminology, we can give an algorithmic construction for all u-trees in analogy
with Proposition 3.1 for B-trees.

PROPOSITION 4.1. Let G be a connected graph on [n| and 7 = {By,...,B,} a v-
admissible partition of the restricted graph G|\ (v}. All the p(G)-trees T with root
v € [n] are obtained recursively by connecting to v the roots of u(G|p,)-trees T; for
g=1... 7.

Proof. The condition on admissible partitions is clearly justified by condition (MF1) in
the previous definition: in order to have T<,U{v} € B(G), we require that B(G) restricted
to [n] \ {v} is a connected building set, i.e., there is an edge in G connecting {v} with a
vertex of G|r_, . O

In this way, we obtain the following proposition.

PROPOSITION 4.2 (ALGORITHMIC CONSTRUCTION OF p-TREES). Every p(G)-tree of
a connected graph G on [n] is obtained as follows:

1. Choose a vertex v of GG as the root of T.

2. Use an v-admissible partition of G|\ (v} to split this subgraph into connected com-
ponents G, ...,G,. Then, apply the same procedure to each G;, and connect the
selected roots v; € [n] \ {v} to v.

3. Repeat the process a finite number of times, until exhausting [n].

If G is not connected, we apply the previous process to each of its connected components
in order to construct all p(G)-forests.

We conclude this section with some examples.

ExaMPLE 4.1.1. Consider the path graph Ps. Its u-trees are obtained, first, selecting a
root v. If v =1, H = (P)|2)\1 has only one vertex, so the only 1-admissible partition is
7 = {{2}}. For v =2 the reasoning is the same. Thus, there are two u(P,)-trees Y7 and
Y, which are displayed in Figure 4.1.

Y Y,
IT QT
2@ l1e

Figure 4.1: The p(Ps)-trees.
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Now consider the cycle graph Cs. For this graph, if we select v = 1, then Hy = Cs|ign1 = P»
is the path subgraph on {2,3}. The l-admissible partitions are m; = {{2,3}} and m =
{{2},{3}}. In fact, m is valid since {1,2} € E(Cj3), and 79 is valid since {1,3},{1,2} €
E(Cj5). Therefore, there are three u(C3)-trees rooted at 1. For p(Cs)-trees rooted at 2 or
3 the reasoning is the same. Figure 4.2 shows all possible p(Cs3)-trees.

T, T, T; Ty Ts Ts
1 1 1 2 2 2
3 2 3 1

T Ta Ty

3 3 3

2 1

Figure 4.2: The u(Cs)-trees.

4.2 SOME CHARACTERIZATIONS OF j-FORESTS

We turn now to characterize p-forests in terms of full spanning graphs and B-forests.

LEMMA 4.3. Let G be a graph on [n]. A rooted tree F' on [n] is a u(G)-forest if and
only if there is a full spanning graph H < G such that F' is a B(H )-forest.

Proof. 1f F' is a B(G)-forest for some H < G, (MF1) holds for F' thanks to (BF1) and
(BF2) in Definition 3. Therefore, F' is a u(G)-forest.

Conversely, note first that by working with connected components, it is sufficient to
assume that G is connected. Then, let 7" be a u(G)-tree. Remark 4.1.1 shows that T'
always satisfies (BF1) for B(G). We have two cases. If T satisfies (BF2), then we take
H = G and we are done. Otherwise, by Remark 3.1.1, there are a,b € [n] such that
T<,UT<, € B(G). Therefore, there are a; € T<, and b; € T<;, with {a1,b,} € E(G).
Let v € [n] be such that a;,b; € T<,. By (MF1) there is a path in G from a; to v not
containing by, and another path in G from b; to v not containing a;. Thus, G has a cycle
containing {a,b;}. Let H; the subgraph of G such that E(H;) = E(G) \ {a1,b:}. By
construction H; < G and T is a p(H,)-tree. In particular, T" satisfies (BF1) for B(H).

At this stage, we check if T is a B(H;)-tree. If this is the case, we set H = H; and we
are done. Otherwise, we can repeat the argument above a finite number of times until
reaching a H, < G for which one on the following statements hold:
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1. T is a B(H,)-tree.

2. H, has no cycles, i.e., it is a spanning tree of G. If T" was not a B(H,)-tree, the
previous paragraph shows that H, must have a cycle, which is impossible. Therefore.
T must be a B(H,)-tree.

In both cases, we finish by setting H = H,.. O

The previous lemma can be improved to generate a spanning tree for which a given
1(G)-tree is a B-tree. Before proceeding we introduce the following notation.

REMARK 4.2.1. Given a graph G on [n], v € [n], and A C [n], assume that the set
{u' € A:{u,v} € E(G)} is nonempty. In this case, we denote by

UG = mNin{u’ € A:{u,v} € E(G)},

as such minimum with respect to the usual order of N.

PROPOSITION 4.4. Let G be a connected graph on [n] and let T be a u(G)-tree. Then,
there is a full spanning tree ¥ = W(G,T') of G such that T is a B(V)-tree.

Proof. For each v € [n|, consider the edges
Ero(G) = {{v,u.} € E(G) : ug = ugwr.,,a is a child of v}.
Now, let ¥ = U(G,T) be the graph on [n] such that
E(W) = |J Er.(G).

vE[n]

In other words, to find W, for each v € [n], check the branches T<, of T" obtained by
removing v, and choose the smallest u, € [n] in each of them (in the usual order of N)
such that {v,u,} is an edge of G. Note we can do this starting with the vertices a at the
bottom of T, then for the vertices v such that a < v, and progressively until reaching the
root of T', see Figure 4.3 for an example.

We prove that U(G,T) is a full spanning tree of G by induction on n. If n = 1, the result
is clear, so assume the proposition holds for graphs on [k], for all k < n.

Given G and T as in the statement, let 7 € [n] be the root of T. If a is a child of 7 in T,
the tree T, is a pu(G|r., )-tree. By induction hypothesis, the graph ¥, = U(G|r.,,T<,) is
a full spanning tree of G|r_, and T, is a B(G|r.,)-tree. By construction, if ¥ = (G, T),
then W]y = V,. Since T is a ju(G)-tree, T<, U {7} € B(G) and therefore w, = ug, 1.,

exists. Noticing that
E(¥) = J(E(Va) U{wa, }),
a<<v
and that T<,, N T<,, = 0 for any children a; # ay of 7, we see that 7 is part of no cycle
in W. Thus, ¥ has no cycles, i.e., ¥ is a full spanning tree of G and T' is B(¥)-tree as it
was required. The principle of induction allows to conclude the proof. n
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Figure 4.3: The full spanning tree V(G,T), for the u(G)-tree T.

2

In summary, we have obtained the following characterizations of u-trees.

COROLLARY 4.5. Let G be a connected graph on [n] and 7" a rooted tree on [n]. The
following assertions are equivalent:

1. T is a pu(G)-tree.
2. T is a B(H)-tree, for some H < G.

3. T is a B(¥)-tree, for some full spanning tree ¥ of G.

4.3 u-POLYNOMIALS AND p-FORESTS

The aim of this section is to prove Theorem 4.9 which is the analogous result to Theorem
3.2 for p-polynomials and u-forests. As an important consequence we will prove that the
coefficients of a given pg polynomial have the same sign and we will determine its exact
degree.

The idea is the same as in the previous chapter and the goal is to construct a suitable
sign-reversing involution on the set

A¢ :={(H,T): H <G and T is a B(H)-tree},

for a given a connected graph G on [n]. In this case, the fixed points are gonna be indexed
by the u(G)-trees. Our first step is the following key lemma.

LEMMA 4.6. Let G be a connected graph on [n] and (H,T) € Ag. Let v,u € [n], and let
C be a cycle in G such that {v,u} € E(C), where u € V(C) C T,. Then, the following

assertions are valid:

1. If C'is a cycle in H, then T is a B(H')-tree, where E(H') = E(H) \ {{v,u}}.
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2. If {v,u} & E(H), but C is formed in by adding {v,u} to H, then T is a B(H")-tree,
where E(H") = E(H) U {{v,u}}.

Proof. (1) Since we are removing an edge from H, it is clear that (BF2) still holds. To
prove that (BF1) is valid, let ¢ € [n]. We consider the following possibilities:

e If v € Ty, H|r_, is a connected subgraph of H because T<, € B(H). Since
V(C) € T<, € T<y, then C is a cycle in H|r_, . Therefore, the graph H'|r_,
remains connected since E(H'|r_ ) = E(H|r_ ) \ {{v,u}}, i.e., T<, € B(H').

« If v and ¢ are not comparable in T, {v,u} ¢ E(H|r), so H'|r., = H|r., is
connected.

o If g € T, \ {v}, then v & T, Thus, {v,u} & E(H|r_,) and so H'|r. = H|r_, is
connected.

In any case, we see that T<, € B(H'). Therefore, T is a B(H’)-tree as required.

(2) First, (BF1) holds since B(H) C B(H"). Second, if (BF2) is not valid, by Remark
3.1.1 there would be a,b € [n] non-comparable in T" such that T<, U T<;, € B(H"). Since
T<,UT<, ¢ B(H) and H and H” only differ by an edge, then v,u € T<,UT<;,. Being T<,
and T« disjoint, we can assume v € T<, and u € T<;,. This contradicts that u € T, so
(BF2) must hold. In conclusion, T" is a B(H")-tree as we wanted to show. O

We define the map
A AG — AG

taking into account the following construction, for a given (H,T) € Ag. For every cycle
C in G, let vo € V(C') be such that the remaining vertices of C' are below ve in T, i.e.,
V(C) C T<y.. Then, let

Uc = UG,ue,v(C) € T<ve,

where the notation is as in Remark 4.2.1, and consider the ordered pair (ve, uc). Define
Wy as the set of all pairs (ve, uc) satisfying one of the following two conditions:

(i) {vc,uc} € E(H) and the cycle C' is also a cycle in H.
(ii) {ve,uc}t € E(H), but C'is a cycle in (V(H), E(H) U {{ve, uc}}).
If Wy r is nonempty, we set
(o) = (v.0) = min W

as the minimum of Wy r with respect to the lexicographical order, and the order in each
component is in N.
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Using this notation, if {v,u} € E(H), we let H~ be the subgraph of G such that E(H ™)
E(H)\{{v,u}}. If {v,u} ¢ E(H) we consider H' instead, where F(H") = E(H)
{{v,u}}. In these terms, we finally define

e

(H-,T), if {v,u} € E(H),
MH,T):=<¢ (HT,T), if {v,u} & E(H),
(H,T), if there is no {v,u}.

Proposition 4.6 proves that A maps Ag to itself. We illustrate this map below.
ExampLE 4.3.1. Consider G and (H,T) € Ag displayed in Figure 4.4.

G H T

Figure 4.4: A given H < G and a B(H)-tree T.

To find A(H,T') we compute (ve, uc) for the cycles in G:

« For C formed by 1,2 and 3, vo = 1, uc = ug1,01,23 = 2, and (ve,uc) = (1,2). C
is valid since it is a cycle in H with {1,2} € E(H). C can be seen in Figure 4.5.

Figure 4.5: The cycle C'in H and T.

+ For ¢’ formed by 1,5 and 6, ver = 1, uer = ug1,1,56y = 9, and (ver, uer) = (1,5).
However, C' is not valid because it is not part of a cycle in H although {1,5} €
E(H). C'"is shown in Figure 4.6.

« For C" formed by 1,6 and 7, ver = 7, ucr = ug 7,67 = 1, and (ver, uer) = (7,1).
This is a valid pair since (1,7) € E(H), but C” is a cycle in the graph resulting
from H by adding the edge {1, 7}.
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Figure 4.7: The cycle C” in H and T.

Finally, since (1,2) <jx (7,1), then (v,u) = (1,2) and N(H,T) = (H~,T), where
E(H™) = E(H)\ {{1,2}}.

Figure 4.8: The cycle C gives A(H,T) = (H~,T).

Note that by definition, the fixed points of A are precisely those (H,T') for which it is not
possible to find the pair (v, u) gz, i.e., Wy = 0. We can characterize them using the full
spanning trees of Proposition 4.4 associated with p-trees.

LeEMMA 4.7. Let (H,T) € Ag be a fixed point of A\. Then
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1. H is a full spanning tree of G.

2. The full spanning tree ¥ = WU(G,T) given in Proposition 4.4 satisfies A(V,7T) =
(U, T).

3. H=W.
Thus, the fixed points of A are of the form (V(G,T),T), where T is a u(G)-tree.

Proof. 1. If H is not a spanning tree of G, there is a cycle C' in H. Being T a B(H)-
tree, there must be a vertex v € [n] such that V(C') C T,. Otherwise, there would
be i1,...,ix € [n] such that V(C) C T;, U---U T, but V(C) € T, for any
j. This would imply, by (B1), that T<;, U---UT<,;, € B(H), contradicting (BF2).
In conclusion, V(C) C T, for some v, and thus, Wy # (. By construction,
ANH,T) # (H,T) as required.

2. Proposition 4.4 shows that ¥ = W(G,T) is a full spanning tree for G and T is
a B(V)-tree, ie, (U, T) € Ag. If N(U,T) # (¥,T), since ¥ has no cycles, then
the only possibility is that A(¥,T) = (¥*,T'), where E(V") = E(V) U {v,u}, and
(v,u) = (ve,uc) for a cycle C in ¥ formed when {v,u} is added to ¥. Moreover,
V(C) € T<y, and u = ug v (0)-

Let ug € V(C) be such that {v,up} € E(V). By the choice of u, then u < g in
N. We claim that if a < v is such that vy € T<,, then v € T-,. Assuming this
for a moment, we get by the construction of ¥ that uwy = ugur.,, 50 up < u in
N. Therefore, ug = u, implying that {v,u} € E(¥) which is a contradiction. In
concluison, A\(V,T") = (¥, T).

To prove the claim, suppose by contradiction that there is another b < v such that
u € T<p. Then V(C) C T<, UT<, U {v}. Note that V(C)\{v} € B(¥") because
E(C)\ {{v,u},{v,uo}} is still a connected path from u to ug. Thus, T<, UT, €
B(¥T) contradicting (BF2) since T is B(¥™)-tree, thanks to Lemma 4.6(2).

3. Assume by contradiction that H # W. By interchanging H and ¥ we can assume
that there is {v,u} € E(V)\E(H). Let Hy < G such that E(Hy) = E(H)U{{v,u}}.
Using Hy we will prove that A(H,T') # (H,T), contrary to the assumption.

Let us see that T' is a B(Hy)-tree. First, (BF1) holds since B(H) C B(H,). Second,
if (BF2) is not valid, as in the proof of Lemma 4.6(2), there are a,b € [n| non-
comparable in 7" such that T<, UT<, € B(Hy) \ B(H), v € T<, and u € Tx,,.
But T is a B(W)-tree, so T<,, T<, € B(¥) and thus T<, U T<, € B(¥) because
{v,u} € E(V). This contradicts (BF2) for T" as a B(W¥)-tree. In conclusion, T is a
B(Hy)-tree as required.

Now, since H is a full spanning tree of G, the edge {v, u} is part of a cycle C' of H,.
By the construction on ¥ we can assume that u € T<,, say u = ug,1.,, for some
child a of v in T". Since T is a B(Hy)-tree and T, € B(H), then V(C) C T<,U{v} C
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T<,. From here it follows that v = uc = ugv(c). Indeed, since u = ug, ., and
uc € V(O)\ {v} C T<,, then u < uc in N. Conversely, by definition uc = ug,,v(c)
and {v,u} € E(C), so uc < uw in N. Therefore, (v,u) = (v, uc) € Wy proving
that A(H,T) # (H,T) as we wanted.

]

LEMMA 4.8. Let G be a connected graph on [n]. Then A : A¢ — Ag is an involution
that reverses the sign of (—1)E(Hdes(T) for non-fixed points (H,T) € Ag of .

Proof. To show that A is an involution, we consider the three possible cases according to
its definition:

()

If {v,u} € E(H), then \(H,T) = (H~,T), where E(H™) = E(H)\{{v,u}}. By
construction, (v,u) = (ve,uc) for a cycle C'in H, where u € V(C) C T<,. Then
(v,u) € Wy-r since (ii) holds for H™, i.e., {v,u} ¢ E(H~) but C is a cycle
in H. Noticing that Wy-r C Wy, it follows that (v,u) = mine Wpr <jex
minex Wy- 7 = (v,u)g- . Therefore, (v,u) = (v,u)n- 7, and by definition of A
we obtain N\(H~,T) = (H,T) as required.

If {v,u} € E(H), \(H,T) = (H",T) where E(H") = E(H) U {v,u}. In this case,
(v,u) = (ve,uc) for a cycle C'in H™ and u € V(C) C Tx,.

Note that (v,u) € Wy+p, thus it is nonempty. Then minje, Wy+r = (vp,up)
exists, where D is some cycle in G such that up € V(D) C T,,,. In particular,

—le
(vp,up) <iex (v, u).

We will prove that either {v,u} ¢ E(D) nor {v,u} € E(D) imply that (vp,up) €
Wiy r. This amounts to saying that (v,u) < (vp,up) and thus (vp,up) = (v, u).
Consequently, A\(H*,T) = (H,T) as needed.

To conclude this case, we consider the above possibilities:

a) {v,u} ¢ E(D). In the case (i) when D is a cycle in H', then the same is
valid for H as E(H) = E(H') \ {{v,u}}. On the other hand, if (ii) holds,
{vp,up} &€ E(H"), but D is a cycle in the graph with edges E(H*)U{{vp,up}}.
By the same reason as before, this is also true for H. In both cases (i) and (ii)
we see that (vp,up) € Wy .

b) {v,u} € E(D). Let Q be the cycle in G given by E(Q) = E(C)UE(D)\{{v,u}}.
Since V(Q) € T<, UT<,, and v € V(D) C T, then V(C) C T, C T,,
and so V(Q) C T<,,. Moreover, @ contains the edge {vp,up}. Therefore,
up € V(Q) C T<,, and thus vg = vp. We will see that up = ug. First, by
definition of ug we have also ug < up in N, so we are left to prove the reverse
inequality. We have two cases: if ug € V(D), by definition of up we have that
up < ug in N and we are done. In the second case, ug € V(C). Here we have

also two cases: (a) If {vp,ug} = {vg,ug}t € E(Q) \ E(C) = E(D) \ {{v,u}},
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again by the definition of up we conclude up < ug in N as needed. (b) if
{vp,ug} € E(C), since C' is a cycle in H*, V(C) C T,, and we know from
the previous paragraph that vp < v (and also up < u) in N, it must be that
vp = v. By definition of © = uc we have that v < ug in N, so by transitivity,
up < ug in N as needed. In conclusion,

(UDv UD) = (UQ7 UQ)'

In the case (i) when D is a cycle in H', we see that @ is a cycle in H. When
(ii) holds and D is a cycle in the graph with edges E(H")U{{vp,up}}, then Q
is a cycle in the graph with edges E(H)U{{vp,up}}. In both cases (i) and (ii)
we see that @ is a cycle giving (vp,up) = (vg, ug) € Wy, as it was required.

(III) If (H,T) is fixed by A, then Ao A(H,T) = (H,T).

In any case, Ao A = id,,, thus the map is an involution. Finally, if (H,T') is not fixed by
), it is clear that A reverses the sign of (—1)FWIdes(T) Indeed, if N(H,T) = (H*,T),
then |E(H*)| = |E(H)| & 1. O

THEOREM 4.9. If G is a finite graph on [n], the p(G)-polynomial is given by the formula

pa(t) = (~1)VOKEO 3 e, (4.1)
T p(G)-forest

where the sum is taken over all u-forests of G.

Proof. As usual, it is sufficient to prove the result for G connected. Assuming this and
applying the formulas in Theorem 3.3 and Proposition 3.2, we can write

pe(t) = Z (—1)|E(H)‘hB(H)(t) — Z (_1)\E(H)Itdes(T)‘
H=G (H,T)eAq
By Lemma 4.8, A : Ag \ Fix(A\) — A¢ \ Fix(\) is a sign-reversing involution, where
Fix(\) is the set of fixed points of this map. Moreover, Lemma 4.7 proves that Fix(\) =
{(V(G,T),T) € Ag : T is a u(G)-tree}. Therefore,

ILLG(t) — Z (_1)n_1tdeS(T) — (_1)71-1 . Z tdes(T)’

(H,T)eFix(\) T u(G)-tree
as we wanted to prove. O

EXAMPLE 4.3.2. Recalling Example 4.1.1, since des(Y;) = 0 and des(Y2) = 1, then
pp, (1) = (—1)271(¢des(2) 4 des(M)) — (1 4 1) as expected.

For the case of Cs, note that des(7y) = 0, des(Ty) = 1, des(73) = 0, des(Ty) = 1,
des(Ts) = 1, des(Ts) = 1, des(T7) = 1, des(Tg) = 2, and des(Ty) = 2. Thus, we recover
the polynomial

poy(t) = (1P (L0t + 104t 4t £ 4 £7) = 24 5t 4 242,
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Thank to formula (4.1) we are able to establish the degree of the p-polynomials and the
sign of its coefficients, as it was announced in Remark 2.1.1.

COROLLARY 4.10. Let G be a finite graph. Then, the polynomial (—1)V(&)=*&) ., (¢) has
degree V(G) — k(G) and has non-negative coefficients. In particular, if G is a connected
graph on [n], |u|c(t) = (—=1)" 'ug(t) has degree n — 1 and non-negative coefficients.

Proof. 1t is sufficient to prove the result when G is a connected graph on [n]. Since n —1
is the maximal number of possible descents of a tree on [n], it is enough to exhibit a u(G)-
tree T' on [n| with des(T") = n — 1. To do so, choose n (the maximal element of [n]) as

root of T" and consider the connected components G, ..., G of G|j,—1). By construction,
™ = {V(G}),...,V(G,)} is a n-admissible partition. Then, choose in each V(G’) the
maximal element v; (w.r.t. the order of N) and connect n with vy, ..., v,. Repeating the

procedure, we obtain the desired u(G)-tree T, due to Proposition 4.1. We conclude that
the leading coefficient of (—1)""1ug(t) is at least 1, thus the conclusion. Finally, formula
(4.1) shows that all the coefficients of ug(t) have the same sign as required. O

4.4 AN APPLICATION TO KITE-LIKE GRAPHS

We conclude this chapter with an application of u-trees to compute explicitly a new
example of the p-polynomials of a family of graphs which we call kite-like due to their
shape.

ExXAMPLE 4.4.1 (KITE-LIKE GRAPH). Let U, be the graph on [n] displayed in Figure
4.9 for n > 4.

1

Figure 4.9: The graph U,.

We can determine an explicit formula for py, (t) analyzing the structure of the u(U,)-
trees T'. First, Theorem 4.9 shows that |ulv, (t) = X7 v, )-tree t4es(T) is the (signless)
p-polynomial associated to U,,. Second, following the algorithm described in Proposition
4.2, after selecting the root v € [n] of T', we have the following five cases:

1. If v =1, Up|pp g1y = Un—1 and the only 1-admissible partition is 7 = {{2,...,n}}.

These trees are then in correspondence with (U, _1)-trees with the same number of
descents, since 1 < u, for all u = 2,...,n. Thus, v = 1 produces the term |uy, ,|(t).
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p(Up—1)-tree

Figure 4.10: p(U,)-trees with root v = 1.

2. If v =2,...,n =3, Up|p\{o} is formed by P,_; on {1,2,...,v — 1} and U,_, on
{v+1,v+42,...,n} as connected components. The only v-admissible partition is
m={{1,2,...,0 -1}, {v+ 1, v+2,...,n}} since v is only connected by edges in
U, withv—1and v+ 1.

Ifu=1,2,...,v—1, then v > u, and v gives an extra descent for the corresponding
w(P,_1)-trees, thus inducing the term tN, 1(t). fu=v+1,...,n, v < u, v gives
no additional descent, and we get |u|v, , (t). Therefore, the (U, )-trees rooted at v
produce the term tN,_1(¢)|p|v, _, (¢) in |puly, (2).

A

M(Pvfl)‘tree M(Unfv)_tree

Figure 4.11: u(U,)-trees with root v =2,...,n — 3.

3. If v =n —2, Up|pp\fn-2y has P,_3 and P, as connected components. The (n — 2)-
admissible partitions are {{1,2,...,n —3},{n—1,n}} and {{1,2,...,n —3},{n —
1},{n}}. The first partition gives tN5(t)N,—3(t) = t(t + 1)N,—5(t), since the factor
t comes from the extra descent induced by v = n — 2. In the same way, the second
partition gives tN, _3(t). In total, the u(U,)-trees rooted at n — 2 give the term
t(t + 2)N,_3(t).
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n—1 n
p(P,_3)-tree p(Ps)-tree p(P,_3)-tree

Figure 4.12: u(U,)-trees with root v =n — 2.

4. Ifv = n—1, Up|p)\ n—13 = Pn—1 and the (n—1)-admissible partitions are {{1,2,...,n—
2}, {n}} and {{1,2,...,n — 2,n}}. The firs partition gives the term tN,_o(t). For
the second one, we would get the term ¢, _1(¢) if all elements of {1,2,...,n—2,n}
were less than n — 1. However, this fails for u = n. Therefore, the correct term is

(N1 () — NG o (1)) + tNG o (D),

where N,,_1(t) — tN,_2(t) stands for the p(P,_1)-trees on {1,2,...,n—2,n} except
the ones with root at u = n, and the term tN,,_5(t) compensates the p(U,_1)-trees
rooted at u = n with the descent counted correctly. In total, the term obtained in
this case is tN;,_1(t) + (2t — )N, —a(t).

n—1 n—1
°
9 _

N(Pn—1>_tree :u(Pn—Q)_tree

Figure 4.13: u(U,)-trees with root v =n — 1.

5. If v = n, the n-admissible partitions for the restricted graph Uy |y = Pa-1 are
{{1,2,...,n—=2},{n—1}} and {{1,2,...,n —2,n — 1}}. The first partition gives
the term t2A,,_5(t) due to the two descents produced by v = n. Finally, for the
second one, we get tA,,_1(t). In total, this case gives tN,_1(t) + t*N,_2(t).
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(P, 1)-tree (P s)-tree

Figure 4.14: p(U,)-trees with root v = n.

The previous analysis allows to conclude that

n—3
|u|Un :|/'L|Un71 +t ZM|M|Un—1—j + t<t + Q)Nn—fﬂ
j=2

N+ (2t — Ny + tN 1 + 2N, s,

To unify notation set uy, (t) = up,(t) = 1, py,(t) = pp,(t) = —(t + 1) and py,(t) =
pes(t) = 2t + 5t + 2. Also let NVy(t) = 1/t and |u|y,(t) = 0. Then, the previous
recurrence takes the form

n—1
|/’L|Un =t ZM|M|Un_1_]- + 2tNy + tNo + th—Sa n > 3. (4‘2)

=0
We can solve this by using generating series. First, if we let u(z,t) = >0° N, (t)z",
we have from the series (2.8) that tu — 1 = 1_2('5;)_\@ = 1_'22_2‘/? —Land 1 —tzp =

M, where R =1 —22(t + 1) + 2%(1 — t)2. In particular,

1 2
_ 4.3
L=tz 1+2(t—1)+ VR (4.3)
1—2—VR 1 1 >
5 to =1t +n§/\/z

Now, (4.2) means that the series U(z,t) = >0°, |u|u, (t)2" satisfies

00 co n—1
U=z+ (t+1)2"+ ) (2AN1 + N + N 3)2" + > > Nilpw, o, |2"
n=3 n=3 j=0
=24+ (t+1)2% +2tz(p — Ny — 2) +t22(n — Np) +t2°u
co n—1
+ 0> Nilulo, ;2" = tNolpw, )22
n=1 j=0

=24+ (t+1)22 + 220t — 1 — 2t) + 22(tp — 1) + t22p + tzpld — 2°
=2 —t22+ (2+ 2+ 2°)(tzpu — 1) +tzpld.
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Thanks to (4.3), this shows that U(z,t) is given by
U=—2+ 2+ 2%) + (2 —t2?) <1 + ZN,,Z”)
n=1

=—2z—(14+1t)2*+2 Zan" —tZNn,gz”

=z+(1+t)22+ i(m\/n —tN,—2)2".

n=3

Finally, recalling the relation (2.7), we have proved the following result.

THEOREM 4.11. We have that
(=1)" pp, (t) = 2N, (t) — tN,o(t),  n >3,
where N,,(t) are the Narayana polynomials.

The first values of these polynomials are

o, (1) = 2% + 1182 + 11t 4 2,

|ilos () = 26 + 1983 + 3762 + 19t + 2,

|1t (1) = 2t° + 20t* + 94¢% + 9442 + 29t + 2,

\p|o. (1) = 215 + 41#° 4 200* 4 330t% 4 200t + 41t + 2.

Note that in general |u|y, (0) = 2N, (0) =

57

(4.4)



REMARKS ON REAL-ROOTEDNESS

Many families of univariate polynomials encountered in various areas of mathematics,
statistics and computer science are known or conjectured to have real roots. One of their
features is that they determine if a finite sequence is unimodal or log-concave, properties
of utmost importance in Combinatorics, see, e.g., [22, 5]. On the other hand, the notion
of interlacing polynomials is a stronger property that also appears in other contexts such
as the study of orthogonal polynomials. In this final chapter we study these properties for
the p-polynomials of graphs and we establish them for the families of cyclic and kite-like
graphs. In the first section we recall some tools on this theory and in the second one we
establish the new results. For the case of the cyclic graphs this will done with the aid
of classical Legendre polynomials and a new four-term recursion for the uc -polynomials.
Finally, we include a section discussing the interlacing property relating graphs and its
contractions by an edge.

5.1 REAL-ROOTED POLYNOMIALS AND INTERLACING SEQUENCES

In this section we recall some definitions and results scattered in the literature on real-
rooted and interlacing polynomials that will be useful for our purposes.

We recall that a polynomial P(t) € R[t] is real-rooted if for all r € C such that P(r) = 0,
we have that r € R. In this case, if deg(P) = n and r,...,r, denote its roots, we can
sort them in increasing way, say, 1 < ry < --- < r,. Note that is P as non-negative
coefficients (as it is the case of the polynomials |u|¢) and it is real-rooted, all its roots
must be negative or zero, i.e., r, < 0.
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We also recall that if @) € R[t] with deg(Q)) = n — 1 is real-rooted with roots sy, ..., s, 1,
it is said that @ interlaces P if

ry <8 <1y < <71y < Sy STy (5.1)

If deg(Q) = n, and
$1 <11 <8 <1rg < - <1y <8, STy,

it is said that @ alternates P (to the left). In both cases, we will denote these situations by
@ < P. Moreover, if the previous inequalities are strict, we say that @) strictly interlaces
P or that @ strictly alternates f, respectively. This will be denoted by @ < P.

ExaMPLE 5.1.1. The simplest example of interlacing polynomials is given by a real-
rooted polynomial P and its derivative P’. In symbols, P’ < P. This follows at once
from Rolle’s theorem and Taylor expansions. Moreover, if P has degree n and only simple
roots, say, 11 < 1y < --- < 1y, Rolle’s theorem says precisely that there is s; € (7j,7,4+1)
such that P'(s;) =0, for j =1,...,n — 1. Thus, P’ is also real-rooted and (5.1) holds.

EXAMPLE 5.1.2 (THE p(K,)-POLYNOMIALS). The family of polynomials g, (t) is real-
rooted thanks to Proposition 2.3. Moreover, g, (t) < pk,,,(t) for all n € N*. Indeed,
writing
j—n j—(n+1)
§;="——, Tj="—"—"=
J J
for the roots of ik, (t) and g, . (t), respectively, and in ascending order, it is clear that

(5.1) holds with strict inequalities.

)

EXAMPLE 5.1.3 (ORTHOGONAL POLYNOMIALS). A family of polynomials {Q,(t)}nen,
where deg(Q,,) = n, is called orthogonal with respect to an non-negative integrable weight
function w : [a,b] — R if

/a OO W)t = b, (5.2)

where 9,,, , is the usual Kroneker delta. The hypothesis on the degrees of these polynomials
show that {Q,(t)}nen is a basis of R[t]. This and the previous orthogonal relation prove
that

b
/ " Qn(t)w(t)dt = 0, forallm=0,1,--- ,n—1, (5.3)
since ™ can be written as a linear combination of Qg, Q1,...,Qn_1.

One important feature of orthogonal polynomials is that they satisfy a three-term relation
of the form

Qn+1<t) = (Ant + Bn)Qn(t) - Cn@nfl(t% (5'4)
where ()_; = 0. Here A,, B, and C,, are real constants such that A4, > 0 and C,, > 0,
see, e.g., [23, Theorem 3.2.1]. In turn, this recurrence allows to prove that

Qi1 (DQn(t) = @na (1)@ (t) > 0 for all t € R,n € N, (5.5)
see e.g. [2, Corollary 5.2.6], [23, p. 43].
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PROPOSITION 5.1. A sequence {Q,(t) }nen of orthogonal polynomials w.r.t. to a weight
w : [a,b] — R is real-rooted with simple zeros in [a,b]. Moreover, @, < Q,11, for all
n € N.

Proof. Let to be a zero of Q,,. Since @Q),, € R]t], then t, is also a zero of Q,,, so Q,,(t)/(t—1o)
is a polynomials of degree n — 1. Then (5.3) shows that

0= [ 200, muar = [ -2 wo

[t — to|?

Therefore, to = J° t‘|t i ( tydt/ [? ||Ct?”t rw(t)dt € [a, b]. Moreover, t; must be simple.
Otherwise,

0= /ab (tQ_n(tz))an(t)w(t)dt - ab ”tQi(Z‘Lw(t)dt’

which is impossible since w(t) > 0 on [a, b].
Now, let a < A1 < Apa < -+ < Ay < b be the roots of @, (t). Then (5.5) shows that

Q;H—l (Mt 1,6) @ (Ang1k) > 0.

Thus Q)1 (Ang1,6) and Qn(An11%) have the same sign. Since the roots are simple, the
values @), (Ans1k) and @), (Any1,441) have different sign. Therefore, @y, (An41,:) and
Qn(Ant16+1) have also different sign. Thus, by the intermediate value theorem, (),, must
have a zero in (Ay41k, Ant1k+1). This proves that @, (t) interlaces Q,41(%). O

ExampPLE 5.1.4 (LEGENDRE POLYNOMIALS). The Legendre polynomials are the or-
thogonal ones corresponding to the constant weight w(¢) = 1 on [—1,1]. They are given
explicitly by Rodrigues’ formula

P,(t) = 2n1n!j; [(a—)].

In this case the three-term recurrence (5.4) takes the form

(n+ 1) Poyi () = (20 + 1)EP,(t) — nP_y (1), (5.6)

where Py(t) = 1 and P;(t) = t. The first few values are given by

Py(t) = 3 (32> — 1),

Py(t) = § (52° — 3x)

Py(t) = 1 (352" — 302” + 3) ,

Ps(t) = 1 (632" — 702° + 15z ,

Py(t) = 15 (2312° — 152" + 10522 — 5) .
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Being orthogonal, by Proposition 5.1, they are real-rooted with simple zeros and P,_1(t) <
P,(t), as it is evidenced in Figure 5.1 for some values of n.

0.8

0.6

Py(t) = 3 (35z* — 3027 + 3)
—  PBs(t) = § (632° — 702® + 15x)
— Py(t) = 15 (2312° — 3152* 4 1052% — 5)

Figure 5.1: The first Legendre polynomials P, (t).

It is worth noticing that these polynomials are part of a larger family known as the Jacobi
polynomials of index (a,3) € (—1,+00)% The former are the orthogonal polynomials
associated to the weight function w(t) = (1 — #)*(1 + t)? on the interval [—1,1] and are
given explicitly by

(1= 1)1+ 6)7 P (t) = ;glj; (1 =@+ )™,

see [2, Remark 2.5.1]. Therefore, the Legendre polynomials are the Jacobi polynomials of
index (0,0). In this work we will only employ these and the polynomials { P{"V(2)},en
with weight (1,1).

We recall that a polynomial P € R[t] is called standard if either it is identically zero or
its leading coefficient is positive.

Let {Q.(t)}n>0 be a sequence of standard polynomials. It is said that {Q,(t)}.>0 is a
Sturm sequence if:

1. deg @, = n, for all n,
2. Qu-1(r)Qni1(r) < 0 whenever @, (r) =0 and n > 1.
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It can be proved that {Q,(f)}n>0 is a Sturm sequence if and only if, for n > 1, @, is
real-rooted and @, < Q1. The reader may consult [25, Section 4] for more information.

Among the results available to determine whether a sequence of polynomials is real-rooted
or interlacing, we highlight the following. The proofs can be consulted in the references
below.

THEOREM 5.2 (C.F. THEOREM 1 [26]). Let P, @ € R[t] be polynomials whose leading
coefficients have the same sign. Suppose that P and () are real-rooted and that Q) < P.
If a,b,c,d € R satisfy ad > bc, then

(bt 4+ a)P(t) + (dt + c)Q(t)
is real-rooted.
The following is a statement on interlacing sequences satisfying four-term recurrences
which is proved in [13].
THEOREM 5.3 (C.F. THEOREM 2.3 [13]). Let F,f, g1,...,9x € R[t] be polynomials

satisfying the following conditions:

1. F(z) = a(x)f(x) + bi(x)gi(z) + -+ + bp(z)gr(z), where a,by,... b, € R[t] and
deg(F) = deg(f) or deg(F) = deg(f) + 1.

2. f,91,...,9x are real-rooted and g; = f, for all j.
3. F and g1, ..., gy have leading coefficients of the same sign.

Suppose that b;(r) < 0 for each j and each zero r of f. Then F' is real-rooted and f < F'.
In particular, if for each zero r of f, there is an index j such that g; < f and b;(r) < 0,
then f < F.

THEOREM 5.4 (C.F. COROLLARY 2.4 [13]). Let V,(t) be a sequence of standard
polynomials satisfying the recurrence relation

Vi(t) = an(t) Va1 () + bu () V)1 (8) + cn(t) Vi_a(t), (5.7)

where a,(t), b,(t), c,(t) € R[t]. Suppose that for each n, the deg V,, = n and coefficients
of V,,(t) are nonnegative. If either b,(t) < 0 or ¢,(t) < 0 whenever ¢t < 0, then {V,,(t) }nen
is a Sturm sequence.

ExamMpPLE 5.1.5. The previous theorem allows to conclude again that a sequence of
orthogonal polynomials {Q,(t) },en conform a Sturm sequence thanks to the three-term
recurrence (5.4). In fact, take a,(t) = A, t+ B, b,(t) = 0, and ¢, (t) = —C,, < 0. Another
interesting example is the sequence of Narayana polynomials {N,,(¢) }neny which is known
to satisfy the recurrence

(n+ DNL(#) = 2n — 1)(1 + )N,y — (n — 2)(t — 1)° N, _o(2). (5.8)

By taking a,(t) = 22=L(1 + 1), by(t) = 0, and ¢, (t) = =23 (t — 1)> < 0 (for all ¢ # 1) in
(5.7) we conclude this is also a Sturm sequence. There is yet another way to prove this
assertion, as we shall see in the next section.
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We conclude this section with some remarks on a change of variables that will be useful.
REMARK 5.1.1. Consider the Mobius transformation

s(t) = 1+t

- (5.9)

We can relate pairs of polynomials of the same degree m using the formulas

po=-rp (1), p= (),

In fact, given P(t), the polynomial P(s) is uniquely determined by the previous ex-
pression, and it is obtained inverting s(t). We have the following properties, which are
immediate to check:

1. P(t) =t™P(1/t) if and only if PT(—s) = (—=1)"PT(s).
2. (P)i(s) = (s+ 1)(PT) — mP7(s).

3. If deg(Q) = k < m and deg(P+Q) = m, then (P+Q)'(s) = PT(S)%—(%)m_k QT (s).
In particular, (P + Q)" = P' + Q' if k = m and deg(P + Q) = m.

Moreover, s preserves real-rootedness and the interlacing property. In fact,
1. P(t) is real-rooted if and only if PT(s) is so, since s(R) = R.

2. Note that s : (—00,0) — (—1,1) is strictly increasing and bijective. Therefore, the
roots of P(t) lie on (—o0,0) if and only if the roots of P(s) lie on (—1,1).

3. Assume that the roots of P(t) and Q(t) lie on (—o0,0). Then, P(s) (strictly)
interlaces Q(s) if and only if PT(s) (strictly) interlaces QT(s).

5.2 REAL-ROOTEDNESS OF CYCLIC AND KITE-LIKE H-POLYNOMIALS

Numerical exploration for connected graphs GG having up to 7 vertices has shown that g
is real-rooted having only simple roots, see Conjecture 2. The goal of this section is to
verify this conjecture for the infinite families of cyclic graphs C), and kite-like graphs U,,.

As we saw in Example 5.1.2 the conjecture is true for the complete graphs K,. It also
holds for the path graphs P,. In fact, P. Branden showed in [4, p. 2] that

No(t) = L1 — 1 piy <1 + t) , (5.10)

T 1t

where P{V(t) is the nth Jacobi polynomial of index (1, 1), see Example 5.1.4 and Remark
5.2.1 below. Since {P{"Y(t)},en conforms a sequence of orthogonal polynomials w.r.t.
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the weight (1 —¢)(1 4+ ¢) on [—1,1], they are real-rooted and interlacing by Proposition
5.1. In terms of the transformation s(¢) given in Remark 5.1.1 equation (5.10) says that

1 g
No(s) = 7(p7(1_1))T'
n
Thus, using Proposition 2.5 we conclude that pp, (t) is real-rooted and

we, , < pp,, for all n > 1.

We now turn to the cyclic polynomials. These also admit a similar representation in terms
of Legendre polynomials. To proceed, we recall some other facts on these polynomials.

REMARK 5.2.1. The Jacobi polynomials of index (1, 1) are determined by the generating
series

o 2
PUD ()20 = here R = /1 — 2zt + 22 5.11
7;) P ()2 ROI—A+R) where 2t + 22, (5.11)

see [2, Theorem 6.4.2]. Note that this expansion joint with (2.8) can be used to establish
(5.10). On the other hand, the Legendre polynomials { P,(¢) },en have as generating series

1

P,( 5.12
Z \/ 1 — 2tz 422 ( )
Among the numerous formulas they satisfy, we highlight the following:

Pl 1 (t) = (n+1)P,(t) +tP,(t), (5.13)
(* = 1)PY (1) = (n+ 1)(n + 2) Paya(t) — 2P, 4 (1), (5.14)
(t* — )P (t) = n(tP,(t) — Po_1(1)), n>1, (5.15)

see [23, Eq. 4.7.28]. Moreover, Legendre and Jacobi polynomials are related by

1

Fi(t) = 5+ )P (1), (5.16)

see, e.g., [2, Eq. 6.3.8].

PropPOSITION 5.5. The u(C,,)-polynomials of the cyclic graphs can be written in terms
of the Legendre polynomials as

2 141 141
) = —1"—11—15"—1{ P’( )—Pn_ ()} > 9.
pen) = (0 2 (T p (TED] w
Proof. To establish the result notice that W(z,t) in (2.12) can be written as

Wz, ) —1/\/1—2z1—t+1+[ (1—t)]2.

It follows from the expansion (5.12) that

1+t
Walt) = (1= 07" P (1) (5.17)
Equations (5.17), (5.10), and (5.16) establish the required formula. O
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Note that formula (5.17) and the Proposition 5.1 also allow to conclude the following
statement which is a known fact.

COROLLARY 5.6. The polynomials W, (t) (Narayana of type B) are real-rooted having
simple zeros and W,,_1(t) < W, ().

It turns out that the family of u(C,)-polynomials for the cyclic graphs C,, satisfies a
four-term recurrence. This was inspired in the closely related formulas for generalized
Narayana polynomials given in [7]. The proof will be based on the Mobius transformation
of Remark 5.1.1 and the properties of Legendre polynomials discused above.

THEOREM 5.7. The cyclic polynomials satisty the four-term recurrence
—n(n—+3)uc, ., (t) =2((n* +3n+ 1)t + (n+ 1)*)pc,., (1) + n(n+ 1)t — 1)uc, ()
valid for n > 2.

Proof. Letting Q,(t) = (—1)"'uc, (t), the recurrence asserts that
n(n +3)Qui2(t) =2((n* +3n+ )t + (n+ 1) Quir(t) — n(n + 1)(t — 1)2Q,(t)
261 = Q1 (1),
If F, = Q! replacing Q,(t) = (1 — )" 1F,(s), where s = (1 +t)/(1 — t), and canceling
(1 —t)"*! we find that
n(n + 3)F,ia(s) =2((n* +3n + 1)t + (n + 1)?)

2%
+ E(Qn+l>T(s)'

Since t = (s — 1)/(s + 1) and (Q,,,,)'(s) = (s + 1)F,,(s) — nF,(s), we see that the F,
must satisfy

n(n+3)Foia(s) = 2(n+ 1)%sF,11(s) —n(n+ 1)F,(s) + (s* — 1) E.. 1 (s). (5.18)

EFnH(S) —n(n+1)F,(s)

Thus, proving the theorem is equivalent to prove (5.18). By Proposition 2.9 we have that
Pl
n+1

Fn:2 —Pnfl, HZQ

Therefore, the left-hand side of (5.18) is equal to n(n+3)F,12 = n(n+1)Py1 4+ 2nsP,
thanks to (5.13). The right-hand side is equal to

/!

P
2(n +1)°sF0 + (s° = 1) [27_‘:12 — Pé] —n(n+1)Fn
n

P 2

=2(n+1)%s [2%312 - Pn] s [(n +1)(n+2)P, 1y — QSP;M)} —(s* = 1)P,
—n(2P, — (n+1)P,_1)

=4nsP, ., —2(n+1)*sP, — (s* =14+ 2n)P, + n(n+ 1) Py + 2(n + 1) Pyi1,

n
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where in the second equality we used (5.14). In this way, using (5.6) and (5.13), the
difference between the right-hand side and the left-hand side of (5.18) is

2nsP,. = 2(n+1)%sP, — (s* =1+ 2n)P, + n(n+ 1)Pyy — (n+1)(n — 2) Py
=2ns((n +1)P, + sP') —2(n 4+ 1)*sP, — (s* — 14+ 2n)P, +n(n + 1)P,_;
—(n—=2)((2n+1)sP, —nP,_1)

=(2n —1)((s* = 1)P, —nsP, +nP,_1)
which vanishes due to (5.15) as we wanted to show. O

REMARK 5.2.1. In contrast with the case of the complete and path graphs, the poly-
nomials {#E"(S)}new do not conform an orthogonal family of polynomials. This can be
checked noticing that the polynomials

1 952 -1 1 - —933 + 3s +

pi(s) = Y M4(S)_T’ 15 (8)

_ 355t — 2052 + 1
N 4

do not satisfy a three-term recurrence of the form pl(s) = (As + B)uh(s) — Cul(s), for
constants A, B, C'.

At this point we are ready to prove that p-polynomials of the cyclic graphs C,, conform
a Sturm sequence. This will be a consequence of Theorem 5.7 thanks to Theorem 5.4.
We will include another proof on the real-rootedness and the simplicity of the roots in
Appendix A.2.

THEOREM 5.8. The family of polynomials pc, (t) are real-rooted and forms an strictly
interlacing sequence, that is uc, (t) strictly interlaces pc,,,(t) all n > 1, and hence the
roots are also simple.

Proof. Letting V,,(t) = (—=1)"uc,,, (t), deg V;, = n and have nonnegative coefficients. The
fact that V,, interlaces V1, for n = 0 and 1 follows by direct inspection recalling that
Vo(t) =1, Vi(t) = 1+t and Vu(t) = 2t* + 5t + 2. Moreover, Theorem 5.7 asserts that V,
satisfies (5.7) with

2(n2 +n—1)t+n? ; 2t(1 — 1) n(t —1)?

Qp = 5 n — 9 Cn = ="
(n—1)(n+2) (n—1)(n+2) n+ 2

for n > 2 Since ¢, (t) < 0 for all ¢ # 1, the result follows from Theorem 5.4. O]

We conclude this chapter with the real-rootedness of the p-polynomials of the kite-like
graphs discussed in Section 4.4.

THEOREM 5.9. The family of polynomials p, (t) are real-rooted for n > 1. Moreover,
pp, (t) strictly interlaces pug, ,, (t) for all n > 1.
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Proof. Recalling the formula (4.4) obtained in Example 4.4.1 and the recursion (5.8) for
the Narayana polynomials, we see that

(n+ D)\l () =2(2n — 1)1+ DN (1) — 20— 2)(t — 1)*Noa(t) — (n+ DN, (?)
=2(2n — D)1+ N, _1(t) — (2(n — 2)(t — 1)* + (n + D)t)N,_2(t).

The discriminant of the polynomial —b(t) = 2(n—2)(t —1)*+ (n+1)t is —(n+1)(7Tn—17)
which is negative for n > 3. Therefore, —b(t) > 0 for all ¢t € R. It follows by Theorem 5.3
applied to k = 1 that |u|y, (¢) is real-rooted and that N,_1(t) < |u|y, (t). This allows to
conclude the proof. O

5.3 COMMENTS ON INTERLACING AND CONTRACTIONS

We conclude this work with some comments on another interesting feature of y-polynomials
related to the interlacing property when contracting edges.

We have seen in the previous section the validity of Conjecture 3, namely,

Given a finite connected graph G, there exists e € E(G) such that jig)e(t) < pa(t).
(5.19)
For the case of complete graphs K,, we saw in Example 5.1.2 that ug, (t) < pk, (t). This
can be interpreted as the previous statement, since any contraction by one edge of K,
produces K,_1. The same is true for the family of path graphs P,, cyclic graphs C),,, and
star graphs St,, (see [12]), since any contraction by one edge leads to the corresponding
graph on [n — 1]. For the case of kite-like graphs U,, we were able to prove in Proposition
5.9 that up, ,(t) < pg,(t). Thus, (5.19) holds when we contract by any of the edges
{n—2,n—1}, {n —2,n} or {n — 1,n}, see Figure 4.9. Numerical evidence has shown
that py, () < uw, (t) also holds, but this is still an open question.
These results might lead to suppose that pq/e(t) < pa(t), for any edge e € E(G). How-
ever, we have found a case that disprove this statement. We include the following example.
Others can be obtained for graphs having the graph G of Example 5.3.1 as a subgraph.
Therefore, the best we can conjecture is precisely (5.19).

ExamMpLE 5.3.1. Consider the graph G on [5] displayed in Figure 5.2 and its contraction
G’ by the edge {1,3}. After some calculations we find that

pa(t) = 8t* + 65t° + 122t* + 65t + 8,
pe (t) = —t3 — 762 — 7t — 1.

The approximate value of the roots of ug(t) are

r1 ~ —5.69063128304352, ro ~ —1.65407307922546,
r3 ~ —0.604568209566811, ry ~ —0.175727428164204,
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while the values of the roots of ug(t) are

s1 = —3—2V2 &~ —5.82842712474619, sy = —1, s3= —3+2v2~ —0.171572875253810.

G G'=G/{1,3}

Figure 5.2: A contracted graph G’ such that pg (t) £ pa(t).

The curious order relation among these numbers is
S1 <11 <Trg < 8 <13 <1y < 83,

thus pug (t) £ pe(t). This can be better visualized by looking at the transformed polyno-
mials p, and i, see Figure 5.3.
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FUTURE WORK

In this chapter we discuss three directions where the results of this project are being
extended or simply directions that we are interested in pursuing next.

6.1 GENERAL BUILDING SETS

The notion of connectedness is captured by the combinatorial structure of a building set.
It turns out that the results that we have discussed in this work extend nicely to general
building sets, which can also be thought as associated to the connectivity property in
general hypergraphs. In the full article of this work we will include this more general
perspective.

Let B be a building set on V. Generalizing the notion of bond partition of a graph we
say that m € Il is a bond partition of a building set B if for every block B € 7w we have
that B € B. We denote Ilz the poset of building bond partitions defined as the induced
subposet of IIy.

In [11], the authors extended their study of weighted partition posets to weighted bond
posets Wl of graphs GG. We extend further their definition to define the weighted bond
poset of a building set B.

A weighted partition of V' is a set # = {I*, ..., I;*} where

o The underlying partition m = {Iy,..., Iy} € Ily.
e Foralli=1,...,k we have v; € {0,1,...,|L;| — 1}.

The sets I;" are called weighted sets.
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The poset of weighted partitions YWIIy is the set of weighted partitions of V' with an order
relation defined for a pair

{Iy, o Ry < {0 J
whenever:
e (L B} < L) T
o if J, =1, U---UI, then p, — (v, +---+v4,) €{0,1,...,s — 1}.

For a building set B define the weighted bond poset VWWIlg as the induced subposet of WII,
whose elements have underlying partitions in Il.

The p-polynomial of B is defined as the generating polynomial of the Mobius function of
the maximal intervals of WIlg, which are indexed by an integer j =0,...,n —1, i.e.,

pa(t) = 3 rowma (0, ([P

It turns out that Theorems 2.1, 3.3 and 3.8 still hold for p-polynomials of general building
sets. These results will appear in the future article.

6.2 REAL-ROOTEDNESS

The evidence discussed and found in this work points to a general conjecture on the real-
rootedness and the interlacing property both of the A and the p polynomials of graphs.

The families of polynomials hg, (t) [5] and pg, (t) (see Example 5.1.2), hp, (t) and up,(t)
[5], and hgy, (t) and pgy, (t) [12] have been shown to be strictly interlacing. For the
family of cycle graphs C),, Theorem 5.8 shows that the polynomials pc, (t) form a strictly
interlacing sequence and the fact that h¢, (t) = W,,_1(t) are orthogonal polynomials (see
Corollary 5.6) shows that he, (f) forms also an interlacing sequence. Theorem 5.9 also says
that the kite-like graph U,; has the one-edge contraction P, such that up, (t) strictly
interlaces uy, ., (t). Additional computational evidence for all graphs up to n = 6 vertices
also supports the following conjecture. In fact, we can combine Conjectures 3 and 4 as
follows.

CONJECTURE 5. For any connected graph G there are one-edge contractions G’ and G”
of G that satisfy:

L4 hG” (t) < hG(t),
(] ,uG// (t) < ,UG(t)
In particular, both hg(t) and pug(t) have only simple real roots.
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6.3 Y-NONNEGATIVITY

An open problem from [11] that we have not addressed here is the question of y-non
negativity.

Since the h and p-polynomials are symmetric or palindromic they can be written in the
basis

{#Fa+o"% i=0,... 1]},

where d is the degree of the polynomial. It is a basic exercise in linear algebra (checking
linear independence and dimension) to show that this is in fact a basis for the symmetric
polynomials of degree d, which it is commonly refered to as the y-basis. So a symmetric
polynomial f € R[t] of deg(f) = d can be written as

&
£ = X i1+ 02

1=0

We say that f is y-nonnegative if ; > 0 for all i = 0,..., [4].
In [16] the authors prove that hg(t) is y-nonnegative for the family of chordal graphs G.
In [11] the authors prove that ug(t) is also y-nonnegative for any chordal graph G. The

following conjecture is based on computational evidence in [11].

CONJECTURE 6 (GONZALEZ D’LEON - WAcCHS [11]). The polynomials hg(t) and pe(t)
are y-nonnegative for all graphs G.
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APPENDIX

A.1 AN INVERSION FORMULA FOR AN EXPONENTIAL FUNCTION
The goal of this section is to give a proof of the identity

0T _ eﬂg; o(-1) n—1
(i) = & [T

n=1 | j=1

(A1)

'I'L
71

valid for parameters a, f € C, a # 5 [9, Example 1.7.2]. This will a consequence of

THEOREM A.1 (LAGRANGE INVERSION THEOREM). Let G(z) € C[[z]] a formal power
series such that G(0) = 0 and G’(0) # 0. Then G has a compositional inverse which is
given by

n

Here we recall that Res(B(z)) = b_; denotes the coefficient corresponding to the power
z~!, for a formal Lauren series B(z) = 3,,c7 byz™.

For our proof we will also require the power series

(et — 1) Z By kl’ neN'. (A.2)

The numbers B,(Cn) are known as the Ngrlund polynomials, which are in fact polynomials
in n. More generally, we consider the series

t
(et—l) ZBk k;" n e NT.
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Multiplying the series (A.2) by the Taylor series of e* we find that
(n) = (B ok
5w =3 (4B
=0 \J

These are known as the generalized Bernoulli polynomials. We recall the following fun-
damental recurrence for these polynomials.

PrROPOSITION A.2. The generalizes Bernoulli polynomials satisfy the recurrence

B = (12 1) B ) + e - wB ) (A3)
In particular,
B (z) = (x — 1)(z —2) - (x — n). (A.4)

Proof. Note that the exponential generating series
o0 tk
k=0

of a sequence {ay }ren satisfies

tk‘ 1 d e’} tk_l d R 00 tk_l
—tf)=)> kap1—— —(tfH =)k :
Z“'f ik it kz::l U =) i) k; U — 1)
Applying this to aj given by the right hand side of (A.3) we find
o ARSI , L
> (1- ) B,i ’<x> e n)BMm] L
_ 00 k—1 o) k—1
(n) t (l‘ — n) (n) t
= B, kB
Z Zn Dot 2Ry

_i 3 " :vt_ii 13 " :vt] t(.]j—n)( 3 )n xt
_dt[<et—1)€ ndtKet—l)e + n et — 1 “ |

A brief calculations shows that

to\", t(x —n) td to\" t o\
(et—1> et[1+ n 1_ndt{<et—1> et]:<6t—1) e

d t n+1 . 00 (n+1) tk—l
el | N R
dt Ket—1> ‘ ] 2B g

equation (A.3) follows.
Finally, setting £k = n in (A.3), we find

B () = (x = n) B (w).

Since

Proceeding inductively, we recover the closed expression (A.4) since Bél)(x) = 1. O
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Consider

as the compositional inverse of the series

eA:p — e 67)@ — e
i) = (A —1)ereer 1 -\

This means that F)(z) is the unique formal solution of the functional equation
e M) _ o=@ — (1 — \)z. (A.5)

The goal is to show that
H JA+n—7).

It is enough to prove (A.1) for § = 1. In general, if G(z) and H(z) are compositional
inverses one of each other, then G(ax)/a is the compositional inverse of H(az)/a. Indeed,
G(a(H(az)/a))/a = G(H(ax))/a = (ax)/a = x. Therefore, taking A = o/ we find

et — P 1

(0= Bleveehz — 5 Cers(B7)

has as compositional inverse

TL

= wsp(B) =Y [ﬁ n—j)a/B)+7)| 8" lf,

B =1

which is precisely the right-hand side of (A.1).
To find P,(\) we apply Lagrange inversion theorem.. Note that

" (T =Xaz)" X ) < n ) LTk
— e\ Ly
Ga(z)m  (e0Ne — 1)n€ ’; R \T (1=2A) 7l

Therefore, selecting the (n — 1)th-coefficients of this series we find

= e () = ()

(1 _ n—l n

(%)= 2o

as it was required.

We conclude with some related formulas that can be deduced from (A.1).
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1. If A\ =0, P,(0) = (n—1)!. In this case Fy(z) = (1 —e®)°") = —log(1 — x).
Therefore,
z"

Wy 522",

nln

—log(l—2z) = Z

2. Replacing A by 1/X in (A.5) we see that
e FA@/A _ g-Fiae) _ (1 _ 1) .

Changing = by Az we find that
e~ Fin(a) _ o=Fia(QAz)/A (1-Nz

This means that F/\(Az)/A is a solution of (A.5). By uniqueness we conclude that

;\Fl AO) = Fa(a).

This means that
P,(A) = AP, (1/)).

This is also clear from the explicit formula for P, (\).
3. If we let A — 1, we see that G,(x) — ze™*. Therefore,

00
=
n=1

nn—l

is the compositional inverse of G;(z) = xe™*. This recovers the fact that the W-

Lambert series .

io: n 1n :L_n

n!

is the compositional inverse of ze” near x = 0.

A.2  ON THE REAL-ROOTNESS OF THE u(C),)-POLYNOMIALS

Although a proof of the fact that the u(C),)-polynomials have simple real roots was given
via Theorem 5.4, we can give also a direct proof using more elementary tools. In fact, the
following lines mimic the usual proof of Proposition 5.1, which can be seen in [2, Theorem
5.4.1].

Proof. Remark 5.1.1 shows that ¢, ., (t) is real-rooted with n simple zeros if and only if
the same is true for

2

Fult) = (S0l () = 5 Pla(t) = Palt) = — 5 [0Palt) + 20P5(0)], (A0)
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recall Proposition 5.5 and formula 5.13. Since P,(t) is real-rooted having simple zeros,
the same is true for P/ (t) by Rolle’s theorem. In fact, P/ (t) interlaces P,(t). We can thus
apply Theorem 5.2 for a =n, b = ¢ =0, and d = 2 to conclude that f,(t) is real-rooted.

We prove now that f,(¢) has simple zeros. First, notice that if m < n — 2, then

/11 t" o (t)(1 — t*)dt = /1 tmPUD ) (1 — ) dt — /_11 P (t)(t™ — ™ 2)dt = 0

- -1

due to the orthogonal relations of the Legendre and Jacobi polynomials.

Now, let m be the number of different roots of f,(¢) which have odd multiplicity. If
A1, ..y A are these roots, consider the polynomial

Q) = fa(®)( = A1) -+ (2 = Am).

Therefore, Q(t) > 0 for t € [—1,1] since Q(t) is the product of square powers of linear
polynomials. If m < n — 2, the previous calculation implies that

[ e - ma=o,

contradicting that this integral is strictly positive. In this way, we find m > n — 2.

To prove that m = n, assume by contradiction that m = n — 2. Thus, f,(t) would
have exactly n — 2 different roots with odd multiplicity, i.e., n — 2 simple roots. If
po, p1 are the remaining roots, both have even multiplicity, and this only can happen if
po = p1. Moreover, since pe, (t) is symmetric, we know from Remark 5.1.1 that f,(—t) =
(=)™ fu(t). It follows that —py is also a root of f,(¢) with the same multiplicity as po.
Being even, we also find that —py = pg, so pp = 0. Thus f,(0) = f/(0) = 0. However,
since

£(0) = — [+ 2P0 + 2P (1),

it would follow that P,(0) = f,(0) = 0 and P/(0) = f/(0) = 0, contradicting that 0 is a
simple root of P, (which only happens when n is odd). In conclusion, m = n and f,(t)
has n simple real roots as required. O
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A.3 SOME CODES

We include below three pseudo-codes we employed in this work. The complete codes used
to compute the examples in this thesis were done in Python.

Algorithm 1 p-polynomial of a graph G

Input: G a simple graph

Output: p (p-polynomial of G)
L u(G) > set of graphs and their p-polynomial previously calculated
2: function pPoLy(G)
3: if G is isomorphic to some graph in x(G) then

4: (H, p) < the element in p(G) such that G = H
5: else
6: if |V(G)| =1 then
7 1
8: else if GG not is connected then
9: n < 1
10: for i < 1 to k(G) do
11: w < px pPoly(Gy) > (; is i-connected component of G
12: end for
13: else if G is connected then
14: n< 0
15: for 7 € 1l do
16: p+1
17: for B € 7 do
18: p < p* uPoly(G|p)
19: end for
20: = =[x p
21: end for
22: end if
23: 1(G) (@) U{(G. )}
24: end if
25: return u

26: end function

7



Algorithm 2 Check v-admissibility of a partition 7

Input: G a simple graph, 7 partition in Il5 and a vertex v of G
Output: TRUE or FALSE
1: function v ADMISSIBLE(G,v,T)

2: for B € 7 do

3: a <+ FALSE

4: for u € B do

5: if {v,u} € F(G) then
6: a + TRUE
7: break

8: end if

9: end for

10: if a = FALSE then
11: return FALSE
12: end if

13: end for

14: return TRUE
15: end function
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Algorithm 3 p-forest of a simple graph G

Input: G a simple graph
Output: T (p-forest set of G)
1: function uFOREST(G)

2: if |V(G)| =1 then
3: T+ {(V(G),0)}
4: else if GG not is connected then
5: T+ 0
6: for F € pForest(G) x pForest(Ga) x - - - x pForest(Gy ) do
7: V < Uper V(T)
8: E «— Urper E(T)
9: T+ TU{(V,E)}
10: end for
11: else
12: T 0
13: for v € V(G) do
14: H < Glv@e\w
15: for 7 € Il do
16: if vADMISSIBLE(G, v, ) then
17: F + pFOREST(H|,)
18: T+ (V(G), B(F) UU,eroow(m {(v:7)})
19: T« TUu{T}
20: end if
21: end for
22: end for
23: end if

24: return 7
25: end function
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